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REALIZABLE HOMOTOPY COLIMITS
BEATRIZ RODRI´GUEZ-GONZA´LEZ
Abstract. In this paper we prove that for any model category, the Bousfield-Kan con-
struction of the homotopy colimit is the absolute left derived functor of the colimit. This
is achieved by showing that the Bousfield-Kan homotopy colimit is moreover a realizable
homotopy colimit, defined by means of a suitable 2-category of relative categories. In ad-
dition, in the case of exact coproducts, we characterize the realizable homotopy colimits
that satisfy a cofinality property as those given by a formula following the pattern of
Bousfield-Kan construction: they are the composition of a ‘geometric realization’ with
the simplicial replacement.
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Introduction.
Homotopy colimits are a cornerstone of Algebraic Topology and Homotopy Theory,
but they are presented under different approaches in the literature. Sometimes a homo-
topy colimit is defined through a specific construction: for instance, the Bousfield-Kan
homotopy colimit is a explicit formula first introduced in [BK] for simplicial sets, and gen-
eralized to general model categories ([H]). Other times a homotopy colimit is introduced
through a universal property: in the Quillen model category setting, homotopy colim-
its are defined as left derived functors of colimits. Also, in the setting of Grothendieck
derivators a homotopy colimit is defined as a left adjoint to the localized constant di-
agram functor. More recently, in the context of ∆-closed classes V. Voevodsky defines
a homotopy colimit as a particular construction involving the simplicial replacement of
diagrams ([V]). And there are other treatments of homotopy colimits, for instance the
one of [DHKS].
In this paper we prove that the specific constructions of Bousfield-Kan and Voevodsky
satisfy the universal properties of Grothendieck and Quillen homotopy colimits. With this
aim, we work in the general framework of relative categories of [BaK] (or, equivalently, of
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‘homotopical categories’ under the terminology of [DHKS]). A natural notion of homo-
topy colimit in this framework is the one of realizable homotopy colimit, that we define,
broadly speaking, as a homotopy colimit ‘realized’ by a functor defined before localizing
with respect to the weak equivalences. This is made precise using a suitable 2-category
structure on relative categories (see Definition 2.14). It holds that, after localizing with
respect to the weak equivalences, a realizable homotopy colimit is a Grothendieck homo-
topy colimit and an absolute left derived functor of the colimit.
In the case of exact coproducts, we characterize the realizable homotopy colimits that
satisfy a cofinality property as those given by a formula following the pattern of Bousfield-
Kan and Voevodsky constructions. More precisely, they are the composition of a ‘geo-
metric realization’ for simplicial objects with the simplicial replacement. For a relative
category (C,W) the property of possessing a ‘geometric realization’ s : ∆◦C → C, that we
call simple functor, is encoded in the notion of simplicial descent category ([R]), which
is inspired by the cubical homological descent categories of [GN]. Under this notations,
the characterization previously mentioned is the
Theorem 4.1. Let (C,W) be a relative category closed by coproducts. The following are
equivalent:
i. (C,W) admits realizable homotopy colimits hocolimI : CI → C, which are invari-
ant under homotopy right cofinal changes of diagrams.
ii. (C,W) admits a simplicial descent structure with simple functor s : ∆◦C → C.
In addition, if these equivalent conditions hold then for each small category I there is
a natural isomorphism hocolimI ≃ s∐I of RelCat, where ∐I : CI → ∆◦C denotes the
simplicial replacement.
Furthermore, we prove that under the previous equivalent conditions all homotopy left
Kan extensions exist on (C,W) and may be computed pointwise. In the setting of
Grothendieck derivators, this means that the prederivator associated with (C,W) is a
weak right derivator (see Theorem 6.1). Then, in the case of exact coproducts we have
reduced the task of checking the existence of homotopy colimits and pointwise homotopy
left Kan extension on a given (C,W) to the task of verifying that (C,W) admits a simple
functor s : ∆◦C → C.
In the context of model categories, we show that the Bousfield-Kan simplicial homo-
topy colimit is a simple functor on pointwise cofibrant diagrams. We use this fact together
with previous characterization to prove the
Theorem 5.1. Let (M,W) be a model category. Then (M,W) admits realizable homo-
topy colimits, which are invariant under homotopy right cofinal changes of diagrams. In
addition, they may be computed using the corrected Bousfield-Kan formula
chocolim
BK
I X =
∫ i
Q˜X(i)⊗ N(i/I)◦
As a corollary, we deduce that the corrected Bousfield-Kan homotopy colimit on any
model category is indeed the absolute left derived functor of the colimit. A proof of
this fact for the particular case of a simplicial model category may be found in [Ga].
Another consequence of previous theorem is that a functor between model categories
that preserves weak equivalences between cofibrant objects commutes with homotopy
colimits if and only if it commutes with homotopy coproducts and with the homotopy
colimit for simplicial objects (see Corollary 6.7).
Returning to the general setting of realizable homotopy colimits, we remark that Vo-
evodsky homotopy colimits for ∆-closed classes are not only a particular instance of them,
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but a key ingredient in the proof of previous results. Indeed, it is proved in [R] that a sim-
ple functor gives an equivalence in RelCat between a simplicial descent category (C,W)
and (∆◦C,S), where S is a ∆-closed class. Under this equivalence the realizable homo-
topy colimit s∐I on (C,W) corresponds to the Voevodsky homotopy colimit on (∆◦C,S).
Using simplicial homotopy theory, and remarkably Illusie’s bisimplicial decalage ([I]), we
construct in section 3 explicit adjunction morphisms to prove that Voevodsky homotopy
colimit is realizable.
Acknowledgements: I would like to show my gratitude to Luis Narva´ez Macarro and
Vicente Navarro Aznar for encouraging me to continue in the research world. This work
would not be possible without their mathematical and professional advice. I am also
deeply indebted to Javier Ferna´ndez de Bobadilla for his confidence and patience during
my participation in his ERC Starting Grant research project.
1. Simplicial Preliminaries.
1.1. Simplicial objects.
We denote by ∆ the simplicial category, with objects the ordered sets [n] = {0 < . . . <
n}, n ≥ 0, and morphisms the order preserving maps. The face maps di : [n − 1] → [n]
are characterized by di([n − 1]) = [n] − {i}, and the degeneracy maps sj : [n + 1] → [n]
are the surjective monotone maps with sj(j) = sj(j + 1). They satisfy the well-known
simplicial identities, and generate all maps in ∆ (see [May]). We will also write [n] for
the category associated with the ordered set {0 < 1 < · · · < n}.
By ∆◦D (resp. ∆◦∆◦D) we mean the category of simplicial (resp. bisimplicial) objects
in a fixed category D. The constant simplicial object c(A) defined by an object A of
D is is the simplicial object equal to A in each degree and with identities as face and
degeneracy maps. In this way we obtain the constant functor c : D → ∆◦D. When
understood, we will denote also c(A) by A. The diagonal functor D : ∆◦∆◦D → ∆◦D is
given by D({Zn,m}n,m≥0) = {Zn,n}n≥0.
Dually, ∆D is the category of cosimplicial objects in D. Since ∆D = (∆◦D◦)◦, all defini-
tions and constructions concerning simplicial objects may be dualized to the cosimplicial
setting.
1.2. Simplicial homotopies.
If D has coproducts, there is a natural action ∆◦D×∆◦Set→ ∆◦D, (X,K) 7→ X⊗K,
given by
(1) (X ⊗K)n =
∐
Kn
Xn
We also denote by ⊗ the induced action D ×∆◦Set → ∆◦D, A ⊗K = c(A)⊗K. Note
that only finite coproducts are needed to construct X⊗K in case K is a simplicial finite
set, that is, in case each Kn is a finite set.
Recall that ∆[k] is the simplicial finite set with ∆[k]n = Hom∆([n], [k]). Given a simplicial
object X , then X⊗∆[1] is the simplicial cylinder ofX . The maps d0, d1 : [0]→ [1] induce
dX0 , d
X
1 : X → X ⊗ ∆[1]. Simplicial homotopies and simplicial homotopy equivalences
are defined in ∆◦D as usual. That is, f, g : X → Y are called simplicially homotopic,
denoted f ∼ g, if there exists H : X ⊗∆[1] → Y such that HdX0 = f and Hd
X
1 = g. A
map f : X → Y is said to be a simplicial homotopy equivalence if there exists f ′ : Y → X
such that ff ′ ∼ 1 and f ′f ∼ 1.
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Given an object A of D and a simplicial object X , an augmentation ǫ : X → A is just a
simplicial morphism ǫ : X → c(A). It holds that ǫ is a simplicial homotopy equivalence if
and only if ǫ has an extra degeneracy s−1 or sn+1 (see [B, 3; 3.2]). This means that there
exists s−1 : A→ X0 (resp. s0 : A→ X0) and s−1 : Xn → Xn+1 (resp. sn+1 : Xn → Xn+1)
satisfying the simplicial identities.
Dually, if D has products there is a natural coaction ∆D × (∆◦Set)◦ → ∆D, (X,K) 7→
XK ,
(XK)n =
∏
Kn
Xn
In this way, the cosimplicial path object of X is defined as X∆[1], and cosimplicial homo-
topies and homotopy equivalences are defined dually.
1.3. Undercategories and overcategories.
Given a functor F : I → J and an object x ∈ J , recall that the overcategory (F/x) has
as objects the pairs (y, f) where y ∈ I and f : F (y)→ x of J . The morphisms of (F/x)
are the commutative triangles
F (y)
f //
F (g)

x
F (y′)
f ′
==④④④④④④④④④
We denote by (I/x) the overcategory (1I/x), where 1I : I → I is the identity functor.
Analogously, the morphisms x→ F (y) form the undercategory (x/F ).
1.4. Simplicial nerve and cofinality.
Denote by cat the category of small categories. Given I in cat, its simplicial nerve N(I)
is the simplicial set given in degree n by Homcat([n], I). In other words, an n-simplex of
N(I) is a functor from [n] to I. The face and degeneracy maps of N(I) are obtained by
composition with di : [n− 1]→ [n] and sj : [n]→ [n+ 1].
A functor F : I → J is called left cofinal if for each x ∈ J the simplicial set N(F/x) is
non-empty and connected. It is homotopy left cofinal if N(F/x) is contractible for each
x ∈ J . This means that N(F/x) → ∆[0] is a weak homotopy equivalence of simplicial
sets.
Dually F is right cofinal, resp. homotopy right cofinal, if F op : Iop → Jop is left cofinal,
resp. homotopy left cofinal. This is the same as saying that for each x ∈ J , N(x/F ) is
non-empty and connected (resp. contractible).
1.5. Simplicial replacement of diagrams.
Let D be a category closed by coproducts and I a small category, and denote by DI the
category of functors from I to D. The simplicial replacement functor ∐I : DI −→ ∆◦D
maps X : I → D to the simplicial object ∐IX given in degree n by
∐InX =
∐
i0→···→in
Xi0
The coproduct is indexed over the set consisting of those i = {i0 → · · · → in} ∈ Nn(I),
the n-simplexes of the simplicial nerve of I. The face and degeneracy maps of ∐IX are
defined as follows. If 0 < k ≤ n then dk : ∐InX → ∐
I
n−1X maps the term Xi0 with index
i to the term Xi0 with index dk(i) through the identity, while d0 sends this term to Xi1
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with index d0(i), through X(i0 → i1). The degeneracy map sk : ∐InX → ∐
I
n+1X sends
Xi0 with index i to Xi0 with index sk(i) through the identity.
Note that the simplicial replacement construction is natural on I. Given two diagrams
X : I → D and Y : J → D, a morphism (f, τ) : X → Y between them is a functor
f : I → J plus a natural transformation α : X → f ∗Y . Then
(2) ∐• (f, τ) : ∐IX → ∐JY
sends the component Xi0 indexed by i to the component Yf(i0) indexed by f(i) through
τi0 : Xi0 → (f
∗Y )i0 = Yf(i0).
Remark 1.1. The colimit of a diagram X : I → D, if it exists, agrees with the col-
imit of ∐IX . Indeed, the colimit of the simplicial diagram ∐IX is the coequalizer of∐
iXi ⇔
∐
i→jXi, which computes the colimit of X . Therefore, ∐
IX has in this case
the augmentation
(3) colimIX
∐
iXi
oo
88
∐
i→j Xioo
oo
6611
∐
i→j→kXi
oooo
oo
· · · · · ·
1.6. Illusie’s decalage bisimplicial construction.
We will strongly use Illusie’s decalage bisimplicial construction introduced in [I, p.7].
Recall that the bisimplicial decalage dec : ∆◦D → ∆◦∆◦D is induced by the ordinal sum
∆×∆→ ∆, [n]+[m] = [n+m+1]. Given a simplicial object Y , dec(Y ) is the bisimplicial
object given in bidegree (n,m) by dec(Y )n,m = Yn+m+1. The face and degeneracy maps
of dec(Y ) are defined as follows. On one hand dIk : dec(Y )n,m → dec(Y )n−1,m is dk :
Yn+m+1 → Yn+m, while sIk is sk : Yn+m+1 → Yn+m+2. On the other hand d
II
k : dec(Y )n,m →
dec(Y )n,m−1 is dn+k+1 : Yn+m+1 → Yn+m, and sII is sn+k+1 : Yn+m+1 → Yn+m+2.
Denote by Y × ∆ and ∆ × Y the bisimplicial objects with (Y × ∆)n,m = Yn and (∆ ×
Y )n,m = Ym. There are two natural augmentations Λ
I : dec(Y ) → ∆ × Y and ΛII :
dec(Y )→ Y ×∆ given respectively by ΛI0,m = d0 : Ym+1 → Ym and Λ
II
n,0 = dn+1 : Yn+1 →
Yn.
We will make use of the following result.
Proposition 1.2. ([I, Proposition 1.6.2]) For each simplicial object Y of ∆◦D, the diag-
onals of the augmentations ΛI and ΛII , D(ΛI),D(ΛII) : D(dec(Y )) → Y are simplicial
homotopy equivalences which are in addition simplicially homotopic.
In addition, it follows from the proof given in loc. cit. that the simplicial homotopies
involved in previous proposition are natural on Y .
2. Realizable homotopy colimits.
2.1. Relative categories as a 2-category.
Given a class W of morphisms in a category C, recall that the localization of C with
respect to W is the result of formally inverting the morphisms of W in C. This gives
a (possibly big category) C[W−1] plus a localization functor γ : C → C[W−1] sending
the elements of W to isomorphisms, and inducing for each category E an equivalence of
categories
(4) − ⋆γ : Fun(C[W−1], E) −→ FunW(C, E)
Here Fun(C[W−1], E) is the category of functors F ′ : C[W−1] → E and FunW(C, E) is
the full subcategory of Fun(C, E) of functors F : C → E that send the elements in W to
isomorphisms.
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Definition 2.1. A relative category consists of a pair (C,WC) formed by a category C
and a class of morphisms WC of C, whose elements are called weak equivalences. The
class WC , also denoted by W for brevity, is assumed to be saturated. That is, W is the
inverse image by the localization functor γ : C → C[W−1] of the isomorphisms of C[W−1].
Definition 2.2. We say that a relative category (C,W) is closed by (finite) coproducts
if C has an initial object 0 and both C and W are closed by (finite) coproducts. Note
that in this case C[W−1] is again closed by (finite) coproducts, and they are preserved by
γ : C → C[W−1].
If (C,W) is a relative category and I is any category, the category Fun(I, C) of functors
from I to C, also denoted by CI for shortness, is again a relative category with the
pointwise weak equivalences. These are by definition the natural transformations τ : F →
G such that τi : F (i) → G(i) is a weak equivalence of C for each object i of I. The
pointwise weak equivalences are easily seen to form again a saturated class. They will be
denoted by WI , or just by W if there is no risk of confusion.
Definition 2.3. We consider the 2-category RelCat of relative categories, whose 1-
morphisms and 2-morphisms are respectively the relative functors and relative natural
transformations defined as follows. A relative functor F : (C,W) → (D,W) is a weak
equivalence preserving functor F : C → D. That is, F maps a weak equivalence of C to
a weak equivalence of D.
A relative natural transformation between the relative functors F,G : (C,W) → (D,W)
is a morphism τ : F 99K G in Fun(C,D)[W−1], the category of relative functors from C
to D localized by the pointwise weak equivalences. More precisely, τ is represented by a
finite zigzag connecting F and G
F · · · • → • ← • → • · · ·G
formed by functors and natural transformation between them, such that those natural
transformations going to the left are pointwise weak equivalences.
Lemma 2.4. With the above notions of relative functors and relative natural transfor-
mations, RelCat is a 2-category.
Proof. The composition of relative functors is just the usual composition of functors.
To define a 2-category structure on RelCat it remains to define the compositions τ ⋆F
and G⋆τ of a relative natural transformation τ : T 99K L between the relative functors
T, L : (C,W) → (D,W), and the relative functors F : (C′,W) → (C,W), G : (D,W) →
(D′,W). The usual compositions between natural transformations and functors of cate-
gories are functors
−⋆F : Fun(C,D) −→ Fun(C′,D)
T 7→ T ◦F
α : T → L 7→ α⋆F
G⋆− : Fun(C,D) −→ Fun(C,D′)
T 7→ G◦T
α : T → L 7→ G⋆α
Note that −⋆F always preserves pointwise weak equivalences, while G⋆− preserves them
because G is a relative functor. Therefore they induce
−⋆F : Fun(C,D)[W−1] −→ Fun(C′,D)[W−1]
G⋆− : Fun(C,D)[W−1] −→ Fun(C,D′)[W−1]
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which define compositions of relative natural transformations and relative functors. As
in the case of usual categories, these compositions satisfy by definition the requested
compatibility axioms, so RelCat is a 2-category. 
Lemma 2.5. Localization by weak equivalences
loc : RelCat→ Cat , (C,W) 7→ C[W−1]
is a 2-functor from relative categories to categories.
Proof. To see that loc is a 2-functor, note that a relative functor F : (C,W) → (D,W)
induces by the universal property of localization a unique functor loc(F ) : C[W−1] →
D[W−1] such that loc(F ) γ = γ F . This defines loc on 1-morphisms. To define it on
2-morphisms, consider relative functors F,G : (C,W) → (D,W) and τ : F 99K G in
Fun(C,D)[W−1]. If c is an object of C, then τc : Fc 99K Gc may be thought of as
a morphism in D[W−1], which is natural on c by construction. More precisely, the
functor γ⋆− : Fun(C,D) → Fun(C,D[W−1]) sends a pointwise weak equivalence to an
isomorphism, inducing γ⋆− : Fun(C,D)[W−1] → Fun(C,D[W−1]). Therefore, γ⋆τ :
γ◦F → γ◦G is a morphism of Fun(C,D[W−1]). Since F and G are relative functors, γ◦F
and γ◦G send a weak equivalence of C to an isomorphism of D[W−1]. This means that
γ⋆τ is a morphism of FunW(C,D[W
−1]), and it correspond through the equivalence of
categories (4) to the desired loc(τ) : loc(F )→ loc(G). 
Lemma 2.6. Given a small category I, exponentiation by I
(−)I : RelCat→RelCat , (C,W) 7→ (CI ,WI)
is a 2-functor. Here, WI denotes the class of pointwise weak equivalences of CI .
Proof. If F : (C,W)→ (D,W) is a relative functor then F I : (CI ,WI)→ (DI ,WI), given
by (F I(X))(i) = F (X(i)), is clearly a relative functor. On the other hand, if τ : F 99K G
is a relative natural transformation, τ I : F I 99K GI is also defined pointwise. This is
possible because (−)I : Fun(C,D)→ Fun(CI ,DI) preserves pointwise weak equivalences,
inducing
(−)I : Fun(C,D)[W−1]→ Fun(CI ,DI)[(WI)−1]

A relative functor F : (C,W) → (D,W) is a relative equivalence if it has a quasi-
inverse in RelCat. More explicitly, there exists a relative functor G : (D,W) → (C,W)
and relative natural transformations FG 99K 1D, GF 99K 1C which are invertible in
Fun(D,D)[W−1] and Fun(C, C)[W−1] respectively. In this case we say that (C,W) and
(D,W) are equivalent relative categories.
2.2. Relative adjunctions.
Definition 2.7. A relative adjunction (F,G, α, β) between the relative categories (C,W)
and (D,W) is an adjunction in the 2-category RelCat. More concretely, it consists of:
1. Relative functors F : (C,W)→ (D,W) and G : (D,W)→ (C,W).
2. Relative natural transformations α : FG 99K 1D and β : 1C 99K GF satisfying the so
called triangle identities. That is, the compositions
F
Fβ //❴❴❴❴ FGF
αF //❴❴❴❴ F
G
βG //❴❴❴❴ GFG
Fα //❴❴❴❴ G
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are the identity in Fun(C,D)[W−1] and Fun(D, C)[W−1] respectively.
If (F,G, α, β), or (F,G) for short, is a relative adjunction we say that F is a left relative
adjoint of (or relative left adjoint to) G and that G is a right relative adjoint of (or relative
left adjoint to) F .
Example 2.8. If (C,W) and (D,W) are relative categories and (F,G, α, β) is an usual
adjunction between C and D, then (F,G, α, β) is a relative adjunction provided that F
and G preserve weak equivalences.
Remark 2.9. In case the relative natural transformations α and β are isomorphisms of
RelCat we say that (F,G) is a relative adjoint equivalence. Although we will not use this
fact, we remark that as happens in the context of usual categories, a relative equivalence
of relative categories gives rise to a relative adjoint equivalence.
Since 2-functors preserve adjunctions, the following facts follow from Lemmas 2.5 and
2.6.
Lemma 2.10. The localization of a relative adjunction F : (C,W) ⇆ (D,W) : G is an
adjunction F : C[W−1]⇆ D[W−1] : G between the corresponding localized categories.
Lemma 2.11. If I is a small category and F : (C,W) ⇆ (D,W) : G is a relative ad-
junction then F I : (CI ,W) ⇆ (DI ,W) : GI is again a relative adjunction. In particular,
F I : CI [W−1]⇆ DI [W−1]) : GI is a natural adjunction for each small category I.
The following two results are formal properties of adjoints in 2-categories.
Proposition 2.12. Let F : (C,W) → (D,W) and G : (D,W) → (C,W) be relative
functors. Then (F,G) is a relative adjunction if and only if for each category I and
functors T : I → D, T ′ : I → C there is a natural bijection
HomFun(I,D)[W−1](FT
′, T )↔ HomFun(I,C)[W−1](T
′, GT )
Under the above notations, if τ : FT ′ 99K T is a relative natural transformation, the
corresponding τ ′ : T ′ 99K GT will be called the adjoint relative natural transformation of
τ ′, and conversely τ ′ will be called the adjoint relative natural transformation of τ .
Proposition 2.13. Let F, F ′ : (C,W) → (D,W) be relative functors sharing the same
relative right adjoint G. Then there exists a unique isomorphism τ : F 99K F ′ of
Fun(C,D)[W−1] compatible with the adjunction morphisms of (F,G) and (F ′, G).
2.3. Realizable homotopy colimits.
Given a small category I and a relative category (C,W), the constant diagram functor
cI : C → CI is defined by (cI(x))(i) = x for all i ∈ I. Note that it clearly sends a
weak equivalence to a pointwise weak equivalence, so cI : (C,W)→ (C
I ,W) is a relative
functor.
Definition 2.14. A realizable homotopy colimit on a relative category (C,W) is a relative
adjunction (hocolimI , cI , α, β) between (CI ,W) and (C,W). By simplicity, we will often
drop the adjunction morphisms and refer to a realizable homotopy colimit as the relative
left adjoint hocolimI : (CI ,W)→ (C,W) of the constant diagram functor cI : (C,W)→
(CI ,W).
Remark 2.15. A realizable homotopy limit is defined in the dual way. Throughout the
paper we focus on realizable homotopy colimits, but all the constructions and results
presented here can be dualized to the setting of realizable homotopy limits.
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Remark 2.16. Note that realizable homotopy colimits generalize usual colimits. If C is a
category, recall that a colimit colim : CI → C is by definition a left adjoint of cI : C → CI ,
which is the same thing as a realizable homotopy colimit on (C,W = {isomorphisms}).
Since by Lemma 2.10 the localization of a relative adjunction gives a usual adjunc-
tion, the localization of a realizable homotopy colimit produces a left adjoint hocolimI :
CI [W−1] → C[W−1] of the localized constant diagram functor. In other words, a re-
alizable homotopy colimit gives, after localizing, a homotopy colimit in the sense of
Grothendieck derivators. On the other hand, it is proved in [RII, Proposition 4.2] that a
left adjoint of the localized constant diagram functor is an absolute left derived functor
of colimI : C
I → C, in case it exists. Therefore we deduce the
Proposition 2.17. Let (C,W) be a relative category. Assume that for a small category
I there exists the colimit colimI : CI → C. If hocolimI : (CI ,W) → (C,W) is a
realizable homotopy colimit on (C,W) then the absolute left derived functor LcolimI of
colimI exists and it agrees with the functor hocolimI : CI [W−1] → C[W−1] induced by
the realizable homotopy colimit on localizations.
As in the case of colimits, the Fubini property of realizable homotopy colimits is a
formal consequence of adjointness.
Proposition 2.18. Let (C,W) be a relative category. Given small categories I and J ,
there is a unique isomorphism of relative functors
hocolimI×J 99K hocolimIhocolimJ
compatible with the adjunction morphisms.
Proof. We have that hocolimI×J : (CI×J ,W) → (C,W) is relative left adjoint to cI×J :
(C,W)→ (CI×J ,W). We claim that the same holds for hocolimIhocolimJ : (CI×J ,W)→
(C,W). Indeed, hocolimI : (C
I ,W) → (C,W) is relative left adjoint to cI . On the
other hand, relative adjunctions are inherited by taking diagram categories by Lemma
2.11. Therefore hocolimC
I
J : ((C
I)J ,W−1) → (CI ,W−1) is relative left adjoint to cJ .
Since the composition of relative adjunctions is a relative adjunction, it follows that
hocolimIhocolimJ is relative left adjoint to cJcI = cI×J : (C,W)→ (C
I×J ,W). We con-
clude by Proposition 2.13 that there is a unique isomorphism between hocolimIhocolimJ
and hocolimI×J compatible with the adjunction morphisms. 
There are other properties of usual colimits which are also formal consequences of
adjointness in the 2-category Cat, but it is not clear whether they hold or not for realizable
homotopy colimits. That is, it is not clear if they are or not formal consequences of
adjointness in the 2-category RelCat. For instance, colimits are known to be invariant
under cofinal changes of diagrams. This means that given a right cofinal functor between
small categories f : I → J , the natural morphism colimIf ∗ → colimJ induced on
colimits is an isomorphism. In the relative category setting the corresponding property
is the following.
(2.19) Given a functor f : I → J between small categories, we consider the relative
natural transformation
(5) hocolim(f) : hocolimIf
∗
99K hocolimJ
induced on homotopy colimits by adjunction. More concretely, hocolim(f) is the adjoint
relative natural transformation of f ∗β : f ∗ → f ∗cJhocolimJ = cIhocolimJ , where β :
1CJ → cJhocolimJ denotes the adjunction morphism of the adjoint pair (hocolimJ , cJ).
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Definition 2.20. We say that realizable homotopy colimits on (C,W) are invariant under
homotopy right cofinal changes of diagrams if given a homotopy right cofinal functor
between small categories f : I → J , the induced relative natural transformation (5) is an
isomorphism of RelCat.
In good situations, such as model categories, homotopy colimits are known to be invari-
ant under homotopy right cofinal changes of diagrams (see [H, Theorem 19.6.7]). Then,
a natural question is whether the invariance under homotopy right cofinal changes of
diagrams is a formal property of realizable homotopy colimits or not. For a Grothendieck
derivator, it holds that homotopy colimits are also invariant under homotopy right cofi-
nal changes of diagrams (see [C, Corollaire 1.14]). Although the proof is formal, it uses
not only the existence of homotopy colimits, but also the existence of certain homotopy
limits.
3. Voevodsky homotopy colimits are realizable.
We prove in this section that the Voevodsky formula for homotopy colimits introduced
in [V, p. 11] produces realizable homotopy colimits. These are defined for relative cate-
gories (∆◦C,S) such that S is a ∆-closed class closed by coproducts, and are constructed
combining the diagonal with the classical simplicial replacement (∆◦C)I → ∆◦(∆◦C).
3.1. Voevodsky homotopy colimits.
To begin with, we remind the definition and properties of ∆-closed classes.
Definition 3.1. ([V]) Let C be a category closed by coproducts. A saturated class S of
morphisms in ∆◦C is ∆-closed if it satisfies the following properties:
1. The class S contains the simplicial homotopy equivalences.
2. If F = F·,· : Z·,· → T·,· is a morphism of bisimplicial objects in C such that Fn,· ∈ S
(or F·,n ∈ S) for all n ≥ 0, then the diagonal D(F ) of F is in S.
A morphism F : X → Y in ∆◦C is a termwise coprojection if for each n ≥ 0 there
exists an object A(n) of C and a commutative diagram
Xn
Fn //
((◗◗
◗◗
◗◗
◗ Yn
≀
Xn ∐ A(n)
where Xn → Xn ∐ A(n) is the canonical morphism.
Remark 3.2.
1. We restrict ourselves to saturated ∆-closed classes. In this case the previous definition
agrees with the one given in [V].
2. Note that hypothesis 1 is equivalent to the fact that two simplicially homotopic
morphisms of ∆◦C become equal in ∆◦C[S−1].
Lemma 3.3. Let (∆◦C,S) be a relative category such that S is ∆-closed. Let f : X → Y
be a morphism of simplicial objects such that for each n ≥ 0 the constant simplicial
morphism fn : Xn → Yn is in S. Then f is in S as well.
Proof. Consider the bisimplicial objects X×∆ and Y ×∆ which are constant with respect
to the second simplicial degree. That is, (X ×∆)n,m = Xn and analogously for Y ×∆.
Then f gives the bisimplicial morphism f ×∆ defined in the same way. By assumption
(f ×∆)n,· is in S for each n ≥ 0, so its diagonal D(f ×∆) = f is in S as well. 
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The good homotopical behavior of ∆-closed classes is highlighted by the fact that it
produces a natural structure of Brown category of cofibrant objects. This means, roughly
speaking, that pushouts along cofibrations exist and preserve weak equivalences, and that
each object has a cylinder. Among the properties of Brown categories of cofibrant objects
are the existence, up to homotopy, of a calculus of left fractions for the localized category,
and of cofiber sequences enjoying the usual good properties. The reader is referred to
[Br] for further detail.
Proposition 3.4. ([R, Proposition 4.9]) Let (∆◦C,S) be a relative category closed by
finite coproducts, and such that S is ∆-closed. Then (∆◦C,S) is a Brown category of
cofibrant objects, where the cofibrations are the termwise coprojections.
Definition 3.5. [V, p. 11] Let C be a category closed by coproducts. The Voevodsky
homotopy colimit
hocolim
V
I : (∆
◦C)I −→ ∆◦C
maps Z : I → ∆◦C to hocolimVI Z = D(∐
IZ), the diagonal of the bisimplicial object
given by the simplicial replacement of Z. In degree n, hocolimVI Z is then equal to∐
i0→···→in
Zi0,n.
Note that if colimIZ exists, there is a natural augmentation hocolim
V
I Z → colimIZ
given by (3).
Lemma 3.6. Let (∆◦C,S) be a relative category closed by coproducts and such that S is
∆-closed. Then the Voevodsky homotopy colimit is a relative functor.
Proof. Let f : Z → T be a morphism between the diagrams Z, T : I → ∆◦C such that
fi ∈ S for all i ∈ I. Since S is closed by coproducts, ∐If : ∐IZ → ∐IT is a bisimplicial
morphism with (∐If)n,· ∈ S for each n ≥ 0. Then, hocolimVI f = D(∐
If) ∈ S because S
is ∆-closed. 
Definition 3.7. Given a functor f : I → J between small categories, we define f! :
∆◦CI −→ ∆◦CJ as
(f!X)(j) = hocolim
V
(f/j)u
∗
jX
where uj : (f/j)→ I maps {f(i)→ j} to i. Note that if π : I → [0] is the trivial functor,
then π!X = hocolim
V
I X .
Next we state the main result of the section.
Theorem 3.8. Let (∆◦C,S) be a relative category closed by coproducts and such that S
is ∆-closed. Then, the following properties hold:
i. For each small category I, hocolimVI is a realizable homotopy colimit on (∆
◦C,S),
invariant under homotopy right cofinal changes of diagrams.
ii. For each functor f : I → J between small categories, consider f! : ∆◦CI → ∆◦CJ
given in 3.7. Then (f!, f
∗) is a relative adjoint pair between (∆◦CI ,S) and (∆◦CJ ,S).
The proof needs various auxiliary results, and will finished at the end of the section. We
begin by investigating further properties verified by a ∆-closed class which is in addition
closed by coproducts.
Lemma 3.9. Let (∆◦C,S) be a relative category closed by coproducts, and such that S is
∆-closed. If
X0
a0
֌ X1
a1
֌ · · ·
am−1
֌ Xm
am
֌ · · ·
is a countable sequence of termwise coprojections in ∆◦C, then colimmXm exists. If in
addition each am ∈ S, then the canonical morphism X0 → colimmXm is in S as well.
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Proof. Assume given coprojections am : Xm֌Xm+1 for each m ≥ 0. Being C closed by
coproducts, it holds that colimmX
m exists in ∆◦C because it exists degreewise. Assume
moreover that am ∈ S for all m ≥ 0, and let us check that X0 → colimmXm is in S as
well. Denote by N the category given by the poset of natural numbers, and consider the
commutative square
hocolimVNX
0 = X0 ⊗N(N)
α′ //
f

hocolimVNX
•
g

X0
α // colimNX
•
where f and g are the natural morphisms from the Voevodsky homotopy colimit to
the colimit of a diagram, while α and α′ are induced by the morphism of diagrams
Λ : X0 → X• with Λm = am−1 · · ·a0 : X0 → Xm. We have that f ∈ S. Indeed,
f = X0 ⊗ π : X0 ⊗ N(N) → X0. Since N has an initial object, π : N(N) → ∆[0]
is a simplicial homotopy equivalence. Hence so is f , and in particular f ∈ S. On
the other hand, since Λm = am−1 · · · a0 ∈ S for all m, it follows from Lemma 3.6 that
α′ = hocolim(Λ) in S. To finish, it remains to prove that g ∈ S.
Note that g is the diagonal of the bisimplicial morphism G given in bidegree (n,m) by
Gn,m : (hocolim
V
NX
•
n)m → colimNX
•
n. Then it suffices to prove that Gn,· is in S for each
n ≥ 0. In other words, we may assume that the simplicial object Xk is constant for each
k ≥ 0. In this case, a termwise coprojection ak : Xk → Xk+1 is a coprojection. Therefore
we assume that Xk = A0 ∐ · · · ∐ Ak, and that our sequence {Xk, ak}k≥0 is
A0 → A0 ∐A1 → · · · →
∐
i=0,··· ,k
Ai → · · ·
Therefore colimkX
k =
∐
l≥0A
l, and the sequence {Xk, ak} is the coproduct ∐l≥0τlA of
the sequences
τlA : 0→
l)
· · ·→ 0→ Al → Al → Al → · · ·
Since by definition hocolimVI commutes with coproducts,
hocolimVNX
• =
∐
l≥0
hocolimVNτlA =
∐
l≥0
Al ⊗ N(l/N)
Hence g =
∐
l≥0 g
(l), where g(l) : Al ⊗ N(l/N) → Al is induced by N(l/N) → ∆[0]. Then
g is in S because it is a coproduct of simplicial homotopy equivalences. 
Remark 3.10. The previous results imply that (∆◦C,S) is under the previous assump-
tions an ABC cofibration category in the sense of [RB]. As proved in loc. cit. this
guarantees the existence of homotopy colimits on (∆◦C,S). In Theorem 3.8 we will see
in addition that these homotopy colimits may be computed using Voevodsky’s formula.
Corollary 3.11. Let (∆◦C,S) be a relative category closed by coproducts, and such that
S is ∆-closed. If f : L → K is a map in ∆◦Set which is a weak homotopy equivalence,
then for each simplicial object X it holds that X ⊗ f : X ⊗ L→ X ⊗K is in S.
Proof. The corollary is proved using a standard argument based on the Ex∞ fibrant
replacement of simplicial sets and anodyne extensions. Let f : L → K be a weak
homotopy equivalence of simplicial sets, and X be a simplicial object of C. The usual
resolution functor Ex∞ provides weak homotopy equivalences ǫL : L→ Ex∞(L) and ǫK :
K → Ex∞(K) such that Ex∞(L) and Ex∞(K) are fibrant simplicial sets. In addition, ǫL
is moreover an anodyne extension (see [GZ, p. 68]). Since Ex∞(f) is a weak homotopy
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equivalence between fibrant simplicial sets, it is a simplicial homotopy equivalence. Then
X ⊗ Ex∞(f) ∈ S, and it suffices to prove that X ⊗ ǫK : X ⊗ K → X ⊗ Ex∞(K) and
X⊗ǫL : X⊗L→ X⊗Ex∞(L) are in S. Therefore, it suffices to prove the corollary for an
anodyne extension f . Recall that the class of anodyne extensions is the smallest class of
inclusions of simplicial sets containing the horn-fillers ik,n : Λ
k[n] → ∆[n] for 0 ≤ k ≤ n,
and such that it is closed by retracts, cobase change, small coproducts and sequential
colimits. Let W ′ be the class of morphisms consisting of the inclusions f : K → L of
simplicial sets such that the resulting termwise coprojection X ⊗ f of ∆◦C is in S for
each simplicial object X . Since the horn-fillers ik,n are simplicial homotopy equivalences,
they are in W ′. In addition, W ′ is closed by retracts and small coproducts because S is.
On the other hand, W ′ is closed by cobase change and sequential colimits because trivial
termwise coprojections in (∆◦C,S) are closed by them by Proposition 3.4 and Lemma
3.9. 
Remark 3.12. Under the previous assumptions it holds moreover that (∆◦C,S) is a
simplicial Brown category of cofibrant objects. By this we mean that given a cofibration
f : X → Y of ∆◦C and an inclusion of simplicial sets i : K → L, the natural morphism
X ⊗ L ∪X⊗K Y ⊗K −→ Y ⊗ L
is a cofibration. In addition, it is in S whenever f ∈ S or i is a weak homotopy equivalence.
3.2. The two-sided bar construction.
Definition 3.13. Given a bifunctor F : I × I◦ → D, the simplicial two-sided bar con-
struction of F is the simplicial object W(F ) given by
Wn(F ) =
∐
i0→···→in
F (i0, in)
The face maps of W(F ) are defined as follows. If 0 < k < n, dk : Wn(F ) → Wn−1(F )
sends the component F (i0, in) indexed by i = {i0 → · · · → in} to the component F (i0, in)
indexed by dk(i). If k = 0, d0 : Wn(F ) → Wn−1(F ) sends F (i0, in) with index i, to
F (i1, in) with index d0(i) through F (i0 → i1, 1in) : F (i0, in) → F (i1, in). If k = n,
then dn :Wn(F )→Wn−1(F ) sends F (i0, in) with index i to F (i0, in−1) with index dn(i)
through F (1i0, in−1 → in) : F (i0, in) → F (i0, in−1). On the other hand, the degeneracy
maps sk :Wn(F )→Wn+1(F ) send the term F (i0, in) indexed by i to the same term with
index sk(i).
Remark 3.14.
1. Note that the colimit of W(F ), if it exists, is the coequalizer of d0, d1 : W1(F ) →
W0(F ), which agrees with the coend
∫ i
F (i, i) of F by [W, Lemma 1.2]. ThereforeW(F )
has in this case the augmentation∫ i
F (i, i)
∐
i F (i, i)
oo
66
∐
i→j F (i, j)oo
oo
5500
∐
i→j→k F (i, k) · · ·
oooo
oo
2. If X : I → D, the simplicial replacement of X defined previously agrees with the
two-sided bar construction of X ′ : I× I◦ → D obtained as the composition of X with the
projection I × I◦ → I.
(3.15) A diagram X : I → D induces X ⊗ N(·/I) : I × I◦ → ∆◦D given by
(X ⊗ N(·/I)) (i, j) = X(i)⊗N(j/I)
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Therefore W(X ⊗ N(·/I)) is the bisimplicial object given in bidegree (n,m) by
Wn,m(X ⊗ N(·/I)) =
∐
i0→···→in
∐
in→j0→···→jm
Xi0
Recall that given a simplicial object Y , we denote by Y ×∆ and ∆× Y the bisimplicial
objects induced by Y which are constant in the second and first degree respectively.
Consider the natural augmentation β : W(X ⊗ N(·/I)) → ∆ × ∐IX given in bidegree
(n,m) by the coprojection
βn,m :
∐
i0 →···→ in↓
jm←···← j0
Xi0 −→
∐
j0→···→jm
Xj0
In this case, we have a second natural augmentation for W(X ⊗N(·/I)). Indeed, if we
send N(·/I) to ∆[0], we obtain α :W(X⊗N(·/I))→ ∐IX×∆ defined as the coprojection
αn,m :
∐
i0 →···→ in↓
jm←···← j0
Xi0 −→
∐
i0→···→in
Xi0
Lemma 3.16. Given a diagram X : I → D, the diagonals of the bisimplicial maps α
and β defined above, D(α),D(β) : DW(X ⊗ N(·/I)) → ∐IX, are simplicial homotopy
equivalences in ∆◦D which are in addition simplicially homotopic.
Proof. The result is a consequence of the fact that the bisimplicial objectW(X⊗N(·/I)) is
Illusie’s bisimplicial decalage of ∐IX . In bidegree (n,m),Wn,m(X⊗N(·/I)) is canonically
isomorphic to dec(∐IX)n,m =
∐
l0→···→ln+m+1
Xl0 , in such a way that Λ
I correspond to β
and ΛII correspond to α. Therefore, the statement follows from Proposition 1.2. 
(3.17) Given a functor f : I → J and a diagram X : J → D, consider the bifunctor
X ⊗ N(·/f) : J × J◦ → ∆◦D with (X ⊗N(·/f)) (j, j′) = Xj ⊗ N(j′/f). As before,
the associated two-sided bar constructionW(X⊗N(·/f)) has two natural augmentations
α′ :W(X⊗N(·/f))→ ∐JX×∆ and β ′ :W(X⊗N(·/f))→ ∆×∐If ∗X given respectively
by
α′n,m :
∐
j0 →···→ jn
↓
f(im)←···←f(i0)
Xj0 −→
∐
j0→···→jn
Xj0 β
′
n,m :
∐
j0 →···→ jn
↓
f(im)←···←f(i0)
Xj0 −→
∐
i0→···→im
Xf(i0)
Analogously, α′ is induced by N(·/f) → ∆[0], while β ′0,∗ is the coequalizer of W0,·(X ⊗
N(·/f))⇔W1,·(X ⊗ N(·/f)).
Given a diagram Z : J → ∆◦C and f : I → J , consider the natural map
hocolimVI f
∗Z = D∐I f ∗Z −→ hocolimVJZ = D ∐
J Z
given by the diagonal of (2) induced by (f : I → J, 1f∗Z) : f ∗Z → Z.
Proposition 3.18. Let (∆◦C,S) be a relative category closed by coproducts, and such
that S is ∆-closed. If f : I → J is a homotopy right cofinal functor, then for each
diagram Z : J → ∆◦C the induced map hocolimVI f
∗Z → hocolimVJZ is in S.
Proof. The proof is a (dual) abstract version of the corresponding proof for simplicial sets
given in [BK, XI; 9.2]. Let us see first that Ψ : hocolimVI f
∗Z → hocolimVJZ is in S if the
diagram Z is a simplicial constant J-diagram induced by X : J → C. Recall that, then,
Ψ : ∐If ∗X → ∐JX is in degree n the coprojection
∐
i0→···→in
Xf(i0) →
∐
j0→···→jn
Xj0 ,
which sends the term Xf(i0) with index i to the same term with index f(i).
14
We will define an inverse of Ψ : ∐If ∗X → ∐JX in ∆◦C[S−1]. Under the notations of
(3.17), consider the zigzag
(6) ∐JX DW(X ⊗N(·/f))
D(α′)
oo
D(β′)
// ∐If ∗X
We claim that D(α′) ∈ S. Indeed, for each j ∈ J , N(j/f)→ ∆[0] is by assumption a weak
homotopy equivalence. It follows from corollary 3.11 that for each j, j′ ∈ J , the induced
map Xj ⊗ N(j
′/f) → Xj is in S. Since S is assumed to be closed by coproducts, then
for each n ≥ 0, α′n,· :
∐
j(Xj0 ⊗N(jn/f))→
∐
j Xj0 is in S as well. But then D(α
′) ∈ S.
Therefore D(α′) ∈ S as claimed, so (6) gives a map Φ : ∐JX 99K ∐If ∗X in ∆◦C[S−1].
Let us see that Φ is inverse to Ψ. Applying Lemma 3.16 to the diagrams X : J → C
and f ∗X : I → C, we deduce four maps D(α),D(β) : DW(f ∗X ⊗ N(·/I))→ ∐If ∗X and
D(α′′),D(β ′′) : DW(X ⊗ N(·/J)) → ∐JX such that D(α),D(β),D(α′′),D(β ′′) ∈ S and
D(α) = D(β), D(α′′) = D(β ′′) in ∆◦C[S−1].
Consider the natural functors (i/I)→ (f(i)/f), {i→ i′} 7→ {f(i)→ f(i′)}, and (j/f)→
(j/J), {j → f(i)} 7→ {j → f(i)}. They induce maps of bisimplicial sets
W(f ∗X ⊗ N(·/I)) −→ W(X ⊗ N(·/f)) −→ W(X ⊗ N(·/J))∐
i0 → ··· → in
↓
i′m ← ··· ← i
′
0
Xf(i0) −→
∐
j0 → ··· → jn
↓
f(i′m)← ··· ← f(i
′
0)
Xj0 −→
∐
j0 → ··· → jn
↓
j′m ← ··· ← j
′
0
Xj0
Combining these maps with the previous augmentations we form the following diagram
in which all squares commute in ∆◦C
(7) ∐If ∗X
1 // ∐If ∗X
Ψ // ∐JX
DW(f ∗X ⊗N(·/I)) //
D(α)

D(β)
OO
DW(X ⊗ N(·/f)) //
D(α′)

D(β′)
OO
DW(X ⊗ N(·/J))
D(α′′)

D(β′′)
OO
∐If ∗X
Ψ // ∐JX
1 // ∐JX
Therefore, ΨΦ = D(β ′′) D(α′′)−1 = 1 and ΦΨ = D(β) D(α)−1 = 1 in ∆◦C[S−1].
Assume now that Z : J → ∆◦C is a non-necessarily constant J-diagram. By the previous
case, we deduce that for each n ≥ 0 the simplicial map Ψ′·,n : ∐
If ∗Z·,n → ∐JZ·,n is in S.
As n varies Ψ′ is a map of bisimplicial objects whose diagonal agrees with Ψ. Therefore
Ψ is in S as well. 
As a corollary we obtain another proof for Quillen’s Theorem A (cf. [Q]).
Corollary 3.19. If f : I → J is homotopy right cofinal, then N(f) : N(I) → N(J) is a
weak homotopy equivalence of simplicial sets.
Proof. Weak homotopy equivalences are closed by coproducts, and form a ∆-closed class
of ∆◦Set (see [V]). Denote by T : J → ∆◦Set the constant diagram j 7→ ∆[0]. By the
previous theorem ∐If ∗T → ∐JT is a weak homotopy equivalence. But ∐If ∗T ∼= N(I),
∐JT ∼= N(J) and the previous map corresponds to N(f), which is then a weak homotopy
equivalence. 
Proof of Theorem 3.8. We have seen in Lemma 3.6 that hocolimV is a relative func-
tor, then so is f! by definition. The fact that hocolim
V
I is a realizable homotopy colimit
is deduced from ii putting J = [0] and f : I → [0] the trivial functor.
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Let us see then part ii. So let f : I → J be a functor between small categories. Given
Y : J → ∆◦C, j ∈ J and n ≥ 0, the adjunction morphism θfY : f!f
∗Y → Y is
(θfY )n(j) : (f!f
∗Y )n(j) =
∐
f(i0)→···→f(in)→j
Yf(i0),n −→ Yj,n
induced by Y (f(i0)→ j) : Yf(i0),n → Yj,n.
Next we describe the adjunction morphism Φ : 1∆◦CI 99K f
∗f! in Fun(∆
◦CI ,∆◦CI)[S−1].
To this end we use the ‘replacement’ Q : ∆◦CI → ∆◦CI of [Du, 8.2]. By definition,
Q := 1I ! is the homotopy left Kan extension associated with 1I : I → I. If X : I → ∆
◦C,
then
(QX)(i) = hocolimV(I/i)u
∗
iX
where ui : (I/i) → I is defined as ui({i′ → i}) = i′. Note that ui factors as wi :
(f/f(i)) → I followed by vi : (I/i) → (f/f(i)) , where wi({f(i′) → f(i)}) = i′ and
vi({i
′ → i}) = {f(i′) → f(i)}. Then, we have an induced map ψX(i) : (QX)(i) →
hocolimV(f/f(i))w
∗
iX = (f!X)(f(i)) = (f
∗f!X)(i). It gives rise to a natural transformation
ψ : Q→ f ∗f!.
Assume constructed a natural transformation ρ : Q → 1∆◦CI such that (ρX)(i) ∈ S for
each diagram X and i ∈ I. We then define Φ : 1∆◦CI 99K f
∗f! as ΦX = ψX ρ
−1
X . That is,
as the zigzag
X QX
ρXoo ψX // f ∗f!X
Since each (I/i) has as final object 1i : i → i, we have a natural transformation τ :
u∗iX → π
∗Xi filling the triangle
(I/i)
pi //
u∗iX
τ
⇒
%%❑
❑❑
❑❑
❑❑
❑❑
[0]
Xi

∆◦C
Given {f : i′ → i} ∈ (I/i), τf is defined as X(f) : Xi′ → Xi. We obtain ρX(i) =
hocolimV(π, τ) : hocolimV(I/i)u
∗
iX → hocolim
V
[0]Xi = Xi. It is straightforward to check
that ρX(i) is natural on i and X , so ρ : Q→ 1∆◦C is a natural transformation.
Let us see now that ρX(i) ∈ S for all i in I. Consider each i ∈ I as the functor
i : [0]→ (I/i), 0 7→ 1i. This is a homotopy right cofinal functor since 1i is a final object
of (I/i). It follows from Proposition 3.18 that the induced map hocolim[0]i
∗u∗iX = Xi →
hocolimV(I/i)u
∗
iX = (QX)(i) is in S. On the other hand, the composition of this map
with (QX)(i)→ Xi is clearly the identity on Xi. Hence ρX(i) ∈ S as required. To finish,
it remains to see that the compositions
f ∗
Φf∗ // f ∗f!f
∗ f
∗θf // f ∗(8)
f!
f!Φ // f!f
∗f!
θf
f! // f!(9)
are the identity in Fun(∆◦CJ ,∆◦CI)[S−1] and Fun(∆◦CI ,∆◦CJ)[S−1], respectively. It is
easy to see that (8) is the identity in Fun(∆◦CJ ,∆◦CI)[S−1]. Indeed, it follows directly
from the definitions that ρf∗Y : Q(f
∗Y ) → f ∗Y agrees with θfY ψf∗Y in ∆
◦CI , for each
Y : J → ∆◦C. The fact that (9) is equal to the identity is more involved. We must see
that a = f!ρ : f!Q→ f! agrees with b = θ
f
f!
f!ψ in Fun(∆
◦CI ,∆◦CJ )[S−1]. If n ≥ 0, j ∈ J
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and X : I → ∆◦C, then f!QX : J → ∆◦C is given by
(f!QX)n(j) =
∐
f(i0)→···→f(in)→j
∐
l0→···→ln→i0
Xl0,n =
∐
f(l0)→···→ f(ln)
↓
j← f(in)←···← f(i0)
Xl0,n
Note that f!Q is by definition the composition of F˜ : ∆
◦CI → ∆◦∆◦CJ with the diagonal
D : ∆◦∆◦CJ → ∆◦CJ , where
(F˜X)n,m(j) =
∐
f(l0)→···→f(ln)
↓
j←f(in)←···← f(i0)
Xl0,m
Also f! is by definition the composition of F : ∆
◦CI → ∆◦∆◦CJ with the diagonal, where
(F X)n,m(j) =
∐
f(i0)→···→f(in)→j
Xi0,m
On the other hand a and b are the diagonals of the bisimplicial maps a′ and b′ defined as
(a′X)n,m(j) :
∐
f(l0)→···→f(ln)
↓
j←f(in)←···← f(i0)
Xl0,m −→
∐
f(i0)→···→f(in)→j
Xi0,m
(b′X)n,m(j) :
∐
f(l0)→···→f(ln)
↓
j←f(in)←···← f(i0)
Xl0,m −→
∐
f(l0)→···→ f(ln)→j
Xl0,m
Putting all together, we have a′, b′ : F˜ → F in Fun(∆◦CI ,∆◦∆◦CJ) such that Da′ = a
and Db′ = b. Note that for fixed m ≥ 0 and j ∈ J , it holds that (F˜X)·,m(j) agrees
with D(dec(∐(f/j)u∗jX·,m)), the diagonal of Illusie’s decalage of ∐
(f/j)u∗jX·,m. In ad-
dition, a′·,m(j) and b
′
·,m(j) correspond to the natural augmentations D(Λ
I),D(ΛII) :
D(dec(∐(f/j)u∗jX·,m)) → ∐
(f/j)u∗jX·,m associated with dec(∐
(f/j)u∗jX·,m). Therefore by
Proposition 1.2 we have a simplicial homotopy H·,m(j) : (F˜X)·,m(j)⊗∆[1]→ (FX)·,m(j)
between a′·,m(j) and b
′
·,m(j). Since the homotopies H·,m(j) are natural they produce as
m and j vary a natural bisimplicial map H : F˜X ⊗ ∆[1] → FX , which gives indeed a
natural transformation H : F˜ −⊗∆[1]→ F with H d0 = a
′ and H d1 = b
′. Then, taking
diagonals we get h = DH : D(F˜ − ⊗∆[1]) = (DF˜ ) ⊗ ∆[1] → DF such that h d0 = a
and h d1 = b. But d0 and d1 are pointwise in S because they are simplicial homotopy
equivalences, and have also a common section, so d0 = d1 in Fun(∆
◦CI ,∆◦CJ )[S−1]. We
then conclude that a = b there as well.
To finish the proof, we must check that hocolimVI is invariant under homotopy right cofi-
nal changes of diagrams. Given a homotopy right cofinal functor f : I → J , we claim that
the relative natural transformation hocolimV(f) : hocolimVI f
∗ 99K hocolimVJ induced by
adjunction as in (2.19) agrees in Fun(∆◦CJ ,∆◦C)[S−1] with the natural transformation
Ψ : hocolimVI f
∗ → hocolimVJ of Proposition 3.18. Then hocolim
V(f) would be an iso-
morphism of RelCat. Let us see the claim. Using the explicit adjunction morphisms
described before, hocolimV(f) is the composition of (hocolimVI f
∗
⋆ρ)−1 : hocolimVI f
∗ →
hocolimVI f
∗Q with
hocolimVI f
∗Q
hocolimV
I
f∗⋆ψ
//
hocolimVI f
∗cJhocolim
V
J
= hocolimVI cIhocolim
V
J
θ⋆hocolimV
J // hocolimVJ
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Note that hocolimVI f
∗QX is, by definition, equal to DW(X⊗N(·/f)), the diagonal of the
two-sided bar construction associated with X ⊗N(·/f) : J × J◦ → ∆◦C. Under the nota-
tions of (3.17), hocolimVI f
∗
⋆ρ is just the diagonal of β ′, while (θ⋆hocolimVJ ) (hocolim
V
I f
∗
⋆ψ)
is just the diagonal of α′.
Then, to see that hocolimV(f) agrees with Ψ in Fun(∆◦CJ ,∆◦C)[S−1] it suffices to check
that ΨDβ ′ is equal to Dα′ there. But this is proved easily using the right hand side of
diagram (7) and the natural homotopies of Lemma 3.16. 
4. Characterization of realizable homotopy colimits.
In this section we characterize those relative categories closed by coproducts and pos-
sessing all realizable homotopy colimits, that are invariant under homotopy right cofinal
changes of diagrams. We prove that these are precisely the relative categories closed by
coproducts and possessing a ‘geometric realization’ for simplicial objects, which we call
simple functor. This is encoded in the notion of simplicial descent category (see Definition
4.3). More concretely, the main result of the section is the following
Theorem 4.1. Let (C,W) be a relative category closed by coproducts. The following are
equivalent:
i. (C,W) admits realizable homotopy colimits hocolimI : CI → C, which are invari-
ant under homotopy right cofinal changes of diagrams.
ii. (C,W) admits a simplicial descent structure with simple functor s : ∆◦C → C.
In addition, if these equivalent conditions hold then for each small category I there is
a natural isomorphism hocolimI ≃ s∐I of RelCat, where ∐I : CI → ∆◦C denotes the
simplicial replacement.
Remark 4.2. We will see moreover in Theorem 4.16 that for relative categories satisfying
the equivalent conditions of previous theorem all homotopy left Kan extension exist and
may be computed pointwise.
Before going into detail, let us explain why the formula
hocolimI ≃ hocolim∆◦∐
I
obtained in previous theorem holds. Recall that in the context of colimits a similar
formula works. More concretely, given a diagram X : I → C we know that colimIX
agrees with the coequalizer of ∐i∈IXi ⇔ ∐i→jXi, which is a truncation of ∐IX . It is
straightforward to prove this equality just using the definitions, but it may be obtained
as well from the following a posteriori argument.
Recall that given f : I → J , a left Kan extension f! : CI → CJ is defined as a left
adjoint of f ∗ : CJ → CI . Note that colimJf! ≃ colimI because both are left adjoints of
cI = f
∗cJ .
Consider the equalizer category eq consisting of
[0]
d0 //
d1
// [1]
Given a small category I denote by eq◦.I the category with objects the functors α : [m]→
I for m = 0, 1. A morphism (α, [m]) → (α′, [m′]) in eq◦.I is a morphism f : [m′] → [m]
of eq such that αf = α′. We have the functors
I eq◦.I
poo q // eq◦
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given by p(α : [m]→ I) = α(0) and q(α : [m]→ I) = [m], for m = 0, 1. It is easy to see
that:
i. p is right cofinal. Then colimIX ≃ colimeq◦.I p∗X .
ii. q has a left Kan extension q! : Ceq
◦.I → Ceq
◦
given by
(q!Y )([m]) = ∐(α,[m])∈eq◦.IY (α, [m])
for m = 0, 1. Then colimeq◦.I Y ≃ colimeq◦ q!Y .
Therefore colimIX ≃ colimeq◦ q!p∗X . That is, colimI may be computed by the coequal-
izer of q!p
∗X , which is by definition {∐i∈IXi ⇔ ∐i→jXi}.
To adapt this argument to the homotopical setting, we first need to replace p with a
homotopy right cofinal functor. This can be done by considering ∆ instead eq. That is,
given a small category I we construct its category of simplexes ∆◦.I analogously, and we
have two functors
I ∆◦.I
poo q // ∆◦
given by p(α : [m] → I) = α(0) and q(α : [m] → I) = [m], for m ≥ 0. This time
p is homotopy right cofinal. Our next task would be to obtain a relative left adjoint
q! : (C∆
◦.I ,W) → (∆◦C,W) of q∗ : (∆◦C,W) → (C∆
◦.I ,W). We have the candidate
q! : C
∆◦.I → ∆◦C defined as
(q!Y )([m]) = ∐(α,[m])∈eq◦.IY (α, [m])
for m ≥ 0. It is indeed left adjoint to q∗ : ∆◦C → C∆
◦.I . If we want q! : (C∆
◦.I ,W) →
(∆◦C,W) to be a relative functor, we must ask W to be closed by coproducts. Under
this assumption we do have that q! is a relative left adjoint of q
∗.
Therefore, in case (C,W) is a homotopical category closed by coproducts, we have
obtained the a posteriori formula
hocolimIX ≃ hocolim∆◦q!p
∗X
for realizable homotopy colimits that are invariant under homotopy right cofinal changes
of diagrams. To finish, the simplicial object q!p
∗X is nothing else than ∐IX , the simplicial
replacement of X .
4.1. Simplicial descent categories.
Next we recall the definition of simplicial descent categories, as well as some of their
properties needed later. We use here a slight variant of the notion given in [R], more
suitable for the setting of relative categories and relative adjunctions. More concretely,
the only difference is that now the transformations µ and λ of (S3) and (S4) are assumed
to be isomorphisms ofRelCat instead of zigzags of natural weak equivalences as in loc. cit.
This is a minor change not affecting the main properties of simplicial descent categories.
Definition 4.3. Let (C,W) be a relative category closed by finite coproducts. A simpli-
cial descent structure on (C,W) is a triple (s, µ, λ) satisfying the following five axioms:
(S1) s : ∆◦C → C is a functor, called the simple functor. It commutes with finite co-
products up to weak equivalence. More precisely, the canonical morphism sX ∐ s(Y )→
s(X ∐ Y ) is a weak equivalence for all X and Y in ∆◦C.
(S2) If f : X → Y is a morphism in ∆◦C such that fn is a weak equivalence for all n ≥ 0,
then s(f) is a weak equivalence. In other words, s : (∆◦C,W) → (C,W) is a relative
functor.
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(S3) µ : sD 99K ss is an isomorphism of Fun(∆◦∆◦C, C)[W−1]. If Z is a bisimpli-
cial object, recall that sD(Z) is the simple of the diagonal of Z. On the other hand
ss(Z) := s(n→ s(m→ Zn,m)) is the iterated simple of Z.
(S4) λ : sc 99K 1C is an isomorphism of Fun(C, C)[W
−1], which is assumed to be com-
patible with µ in the sense of (4.4) below.
(S5) The image under the simple functor of the map dA0 : A → A ⊗ ∆[1] is a weak
equivalence for each object A of C.
A simplicial descent category is a relative category closed by finite coproducts and en-
dowed with a simplicial descent structure. We will denote a simplicial descent category
by (C,W, s, µ, λ), and also by (C,W, s), or even (C,W), for brevity.
(4.4)[Compatibility between µ and λ.] Given a simplicial object X , denote by X × ∆,
∆×X the bisimplicial objects with (X ×∆)n,m = Xn and (∆×X)n,m = Xm. Note that
ss(X ×∆) = s(n→ sc(Xn)) and ss(∆×X) = scs(X). The compositions
(10) s(X)
µ∆×X // scs(X)
λ
s(X) // s(X) s(X)
µX×∆ // ssc(X)
s(λX ) // s(X)
give rise to isomorphisms of s in Fun(∆◦C, C)[W−1]. Then, λ is said to be compatible
with µ if these isomorphisms are the identity in Fun(∆◦C, C)[W−1].
We will use that simplicial descent structures are inherited by diagram categories, that
is an easy consequence of the axioms.
Proposition 4.5. Let I be a small category and let (s, µ, λ) be a simplicial descent struc-
ture on (C,W). Then, the triple (sI , µI , λI) defined pointwise is a simplicial descent
structure on (CI ,W). Given X : ∆◦ → CI , (sIX)(i) = s(n → Xn(i)), and (µI , λI) is
defined analogously.
Simplicial descent categories are closely related to Voevodsky ∆-closed classes. More
concretely,
Proposition 4.6.
i. Consider a relative category (∆◦C,S) closed by finite coproducts. The following
are equivalent:
1. S is ∆-closed.
2. (∆◦C,S,D : ∆◦∆◦C → ∆◦C) is a simplicial descent category.
ii. Given a simplicial descent category (C,W, s) then the class of S = s−1W of ∆◦C is
∆-closed and closed by finite coproducts. If in addition W is closed by coproducts,
then so is S.
Proof. The last statement of ii follows from Lemma 4.7. The remaining assertions of the
proposition are proved in [R, Theorem 4.2]. 
Lemma 4.7. Let (C,W) be a relative category closed by coproducts, and endowed with a
simplicial descent structure. Then the simple functor s preserves all small coproducts up
to weak equivalence. That is, given a family {Xα}α∈Λ of simplicial objects, the following
natural map is a weak equivalence∐
α
s(Xα) −→ s(
∐
α
Xα) .
Proof. The simple functor s : ∆◦C[W−1] → C[W−1] is a left adjoint by Theorem 4.8,
so it commutes with colimits. Although colimits in localized categories rarely exist, the
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case of coproducts is an exception to this rule. Indeed, since by assumption the class
W is closed by small coproducts, it follows that C[W−1] is so, and that the localization
functor C → C[W−1] preserves coproducts. The same applies to ∆◦C[W−1]. Therefore,∐
α s(X
α) −→ s(
∐
αX
α) is an isomorphism in C[W−1] since s commutes with coproducts
there. But, being W saturated, this implies the result. 
The following result is the key point to transfer the properties of ∆-closed classes to
general simplicial descent categories.
Theorem 4.8. Let (s, µ, λ) be a simplicial descent structure on (C,W). Then, the fol-
lowing properties hold:
i. The simple functor s : ∆◦C → C is a realizable homotopy colimit.
ii. Set S = s−1W. Then, (s, c) is a relative adjoint equivalence between (∆◦C,S) and
(C,W).
The proof is the same as the one of [R, Theorem 5.1]. In any case, we will explicitly
check ii in the proof of next proposition, which allows to weaken axiom (S3). This
weakening will only be used in section 5, where we see that the Bousfield-Kan simplicial
homotopy colimit gives a simplicial descent structure on the subcategory of cofibrant
objects of any model category.
Proposition 4.9. Let (C,W) be a relative category closed by finite coproducts. Assume
that there exists (s, λ) as in definition 4.3 satisfying axioms (S1), (S2), (S4) and (S5),
and
(S3)’ Given a bisimplicial morphism F of ∆◦∆◦C, it holds that s(n →
s(m→ Fn,m)) is a weak equivalence if and only if s(n→ Fn,n) is so.
Then (C,W) is a simplicial descent category. More precisely, there exists µ : sD 99K ss
such that (s, µ, λ) is a simplicial descent structure on (C,W).
Proof. Set S = s−1W. Let us see that axioms (S1), (S2), (S3)’, (S4) and (S5) still
guarantee that there exists an isomorphism Φ : 1∆◦C → cs of Fun(∆◦C,∆◦C)[S−1] such
that (s, c, λ,Φ) is an adjoint relative equivalence between the relative categories (∆◦C,S)
and (C,W). The argument is just a slight variant of the one in [R, Theorem 5.1].
We claim that (S2), (S3)’ and (S5) imply that given a simplicial homotopy equivalence
e : X → Y in ∆◦C then s(e) ∈ W. To see this, it suffices to check that the image under
the simple functor of the simplicial morphism dX0 : X → X ⊗∆[1] is a weak equivalence
for each simplicial object X . Note that X⊗∆[1] is the diagonal of the bisimplicial object
X⊠∆[1] given in bidegree n,m by (X⊠∆[1])n,m = ∐∆m[1]Xn. Also d
X
0 is the diagonal of
the bisimplicial map F : X ×∆→ X ⊠∆[1] such that Fn,m : Xn → ∐∆m[1]Xn is induced
by (d0)m : ∆m[0] = ∗ → ∆m[1]. For a fixed n ≥ 0, Fn,· agrees with d
Xn
0 : Xn → Xn⊗∆[1],
so s(m→ Fn,m) is inW by (S5). By (S2) we deduce that s(n→ s(m→ Fn,m)) is inW as
well, so by (S3)’ we conclude that s(n→ Fn,n) = s(dX0 ) is inW as required. Therefore the
claim holds, and in particular the simple of an augmentation with an extra degeneracy
is a weak equivalence.
Given an object X in ∆◦C, consider its associated Illusie’s bisimplicial decalage dec(X)
with dec(X)n,m = Xn+m+1. It comes equipped with the augmentations Λ
I : dec(X) →
∆×X and ΛII : dec(X)→ X ×∆. They are such that ΛII has an extra degeneracy by
rows and ΛI has an extra degeneracy by columns. Therefore, by previous claim and (S3)’
we deduce that applying s with respect to the second index produces the zigzag
{scXk}k ←− s(m→ dec(X)·,m) −→ cs(X)
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that is pointwise in S. By definition of these augmentations, this zigzag is the iden-
tity on csc(A) in case X is the constant simplicial object equal to A in each degree.
We define Φ : 1∆◦C 99K cs on X as the composition of the above zigzag with the
inverse of λXk : {scXk}k 99K {Xk}k. This is possible because the class W of point-
wise weak equivalences of ∆◦C is contained in S by (S2). It follows that {λXk}k is
an isomorphism in Fun(∆◦C,∆◦C)[S−1]. Therefore Φ : 1∆◦C 99K cs is an isomorphism
of Fun(∆◦C,∆◦C)[S−1] such that the composition cλΦc : c 99K c is the identity in
Fun(C,∆◦C)[S−1]. Finally, note that this formally implies the other triangle identity:
λs sΦ : s 99K s is the identity in Fun(∆
◦C, C)[S−1]. Indeed, since λ is an isomorphism
and a natural transformation then scλs = λscs because λs scλs = λsλscs. Then cλΦc = 1c
implies scλs sΦcs = 1scs, so λscs sΦcs = 1scs. In view of the commutative diagram
s
sΦ //
sΦ

scs
λs //
scsΦ

s
sΦ

scs
sΦcs // scscs
λscs // scs
we deduce λs sΦ = 1s as claimed.
We are now ready to construct µ : sD 99K ss compatible with λ. Given a bisimplicial
object Z, performing the previous construction of Φ to Z with respect to the second index
gives (∆◦Φ)Z = {(ΦZn,·)m}n,m : Z 99K (∆
◦(cs))(Z) = {s(k → Zn,k)}n,m. This produces
the isomorphism ∆◦Φ : 1∆◦∆◦C 99K ∆
◦(cs) in Fun(∆◦∆◦C,∆◦∆◦C)[∆◦S−1], where ∆◦S is
the class of ∆◦∆◦C formed by those morphisms F such that s(k → Fn,k) ∈ S for each
n ≥ 0. By (S3)’ we have that D(∆◦S) ⊂ S. It follows that applying D to ∆◦Φ we obtain
the isomorphism D(∆◦Φ) : D 99K ∆◦s of Fun(∆◦∆◦C,∆◦C)[S−1], so applying s we get the
desired isomorphism µ = sD(∆◦Φ) : sD 99K ss of Fun(∆◦∆◦C, C)[W−1]. Finally, given a
simplicial object X the compositions (10) are obtained by triangle identities satisfied by
Φ and λ, and therefore they are equal to the identity. 
Remark 4.10. Previous proposition comes to say that in the notion of simplicial descent
category the axiom (S3) may be replaced by the weaker axiom (S3)’. Also (S1) could
be weakened, indeed the preservation of finite coproducts by the simple functor s can
be deduced from the remaining axioms. We will not use this fact in the present paper,
however.
4.2. Simplicial descent structures provide realizable homotopy colimits.
In this subsection we prove that a simplicial descent structure produces, in the case of
exact coproducts, realizable homotopy colimits given by a formula following the pattern
of Bousfield-Kan and Voevodsky. We will then work with a simplicial descent category
(C,W, s) such that (C,W) is closed by coproducts. In this case we will just say that
(C,W, s) is a simplicial descent category closed by coproducts.
Definition 4.11. Let (C,W, s) be a simplicial descent category closed by coproducts.
Given a small category I, define hocolimI : CI → C as the composition
CI
∐I
//
hocolimI $$■
■■
■■
■■
■■
■■
∆◦C
s

C
of the simple functor with the simplicial replacement. If needed, we will write hocolimCI
to emphasize the target category where we are taking homotopy colimits.
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Remark 4.12. Note that if X : I → C is a diagram and c : C → ∆◦C is the constant
functor then by definition
(11) hocolimIX = s(hocolim
V
I cX)
where hocolimVI : ∆
◦CI → ∆◦C is the homotopy colimit given in definition 3.5.
In the next proposition we prove that hocolimI is a relative functor invariant under
homotopy right cofinal changes of diagrams.
Proposition 4.13. Let (C,W) be simplicial descent category closed by coproducts. Given
diagrams X, Y : I → C and a natural transformation ρ : X → Y with ρi ∈ W for all
i ∈ I, then hocolimIρ is also in W.
Proof. Since W is assumed to be closed by coproducts, we have that ∐Iρ : ∐IX →
∐IY is a simplicial map which is degree-wise in W. Therefore, axiom (S2) ensures that
hocolimIρ = s(∐Iρ) ∈ W. 
By construction hocolimI is natural on I. Recall that given two diagrams X : I → C
and Y : J → C, a morphism (f, τ) : X → Y between them is a functor f : X → Y plus a
natural transformation α : f ∗X → Y . Then we have the natural morphism of C
hocolim(f, τ) : hocolimIX → hocolimJY
defined as the simple of the simplicial morphism ∐•(f, τ) : ∐IX → ∐JY given in (2).
Proposition 4.14. Let (C,W) be simplicial descent category closed by coproducts and
f : I → J a homotopy right cofinal functor. Then, for each diagram X : J → C the
natural map
hocolimIf
∗X −→ hocolimJX
induced by the morphism of diagrams (f, 1) : f ∗X → X is a weak equivalence.
Proof. By Proposition 4.6 we have that S = s−1W is a ∆-closed class of ∆◦C, which
is closed by coproducts if W is. If follows from Proposition 3.18 that hocolimVI f
∗X =
∐If ∗X → hocolimVJX = ∐
JX is in S. But this is the same as saying that s(∐If ∗X) =
hocolimIf
∗X → s(∐JX) = hocolimJX is in W. 
Definition 4.15. Given a functor f : I → J , the homotopy left Kan extension of f is
f! : CI → CJ given by
(12) (f!X)(j) = hocolim(f/j)u
∗
jX
where uj : (f/j)→ I maps {f(i)→ j} to i.
Theorem 4.16. Let (C,W) be simplicial descent category closed by coproducts. Under
the previous notations, the following properties hold.
i. For any small category I, hocolimI is a realizable homotopy colimit on (C,W), in-
variant under homotopy right cofinal changes of diagrams.
ii. Given f : I → J between small diagrams, (f!, f ∗) is a relative adjunction between
(CI ,W) and (CJ ,W).
Proof of Theorem 4.16. Since hocolimI = π! where π : I → [0] is the trivial functor,
to see that hocolimI is a realizable homotopy colimit it suffices to prove the parts ii. Fix
a simple functor s : ∆◦C → C. By Proposition 4.6 S = s−1W is a ∆-closed class of ∆◦C
which is closed by coproducts if W is. Given f : I → J , consider the following diagram
of functors of relative categories
(CI ,W)
c // (∆◦CI ,S)
s
I
oo
f∆
◦C
! // (∆◦CJ ,S)
f∗
oo
s
J
// (CJ ,W)
c
oo
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By Theorem 3.8 (f∆
◦C
! , f
∗) is a relative adjunction. By Proposition 4.5 (CI ,W) and
(CJ ,W) are simplicial descent categories with simple functor defined pointwise. Note that
(sI)−1W agrees with the class of ∆◦CI defined pointwise by S, and analogously for J . We
conclude by Theorem 4.8 that the pairs (c, sI) and (sJ , c) are relative adjoint equivalences
of categories, and in particular relative adjunctions. It turns out that sJ f∆
◦C
! c = f
C
! and
sI f ∗ c form a relative adjunction as well. But sIf ∗c(A) = sIcf ∗(A) is naturally equivalent
to f ∗(A) by (S4). Hence, (fC! , f
∗) is a relative adjunction. To finish, the invariance of
hocolimI = s hocolim
V
I c under homotopy right cofinal changes of diagrams follows from
the invariance of hocolimVI under them. 
4.3. Realizable homotopy colimits provide simplicial descent structures.
We finish here the proof of Theorem 4.1, with the following proposition.
Proposition 4.17. Let (C,W) be a relative category closed by coproducts. Assume that
(C,W) admits realizable homotopy colimits hocolimI : C
I → C, which are invariant un-
der homotopy right cofinal changes of diagrams. Then (C,W) admits a simplicial descent
structure with simple functor s = hocolim∆◦ : ∆
◦C → C, and there is a unique isomor-
phism of RelCat between hocolimI and s∐I compatible with the adjunction morphisms.
Proof. Under the above assumptions, let us see that s := hocolim∆◦ : ∆
◦C → C endows
(C,W) with a simplicial descent structure.
(S1): By Lemma 2.10 s : ∆◦C[W−1] → C[W−1] is a left adjoint. Then, arguing as in
Lemma 4.7 we deduce that s : ∆◦C → C commutes with finite coproducts up to weak
equivalence.
(S2): By hypothesis, s : (∆◦C,W) → (C,W) is a relative functor. This means that it
sends pointwise weak equivalences to weak equivalences.
(S3): The diagonal d : ∆◦ → ∆◦ × ∆◦ is a homotopy right cofinal functor (see [T,
Lemma 5.33]). By the cofinality property of our realizable homotopy colimits we deduce
an induced isomorphism hocolim(d) : sD 99K hocolim∆◦×∆◦ of Fun(∆
◦∆◦C, C)[W−1].
By Lemma 2.11 hocolim∆
◦
∆◦ : ∆
◦∆◦C → ∆◦C is relative left adjoint to c∆
◦
: ∆◦C →
∆◦∆◦C. Then hocolim∆◦ hocolim∆
◦
∆◦ = ss is another relative left adjoint of c∆◦×∆◦ :
C → ∆◦∆◦C. We conclude by Proposition 2.13 that there is a unique isomorphism
k : hocolim∆◦×∆◦ 99K ss of Fun(∆
◦∆◦C, C)[W−1] compatible with the adjunction mor-
phisms. We define µ as the composition hocolim(d) and k.
(S4): Define λ : s c 99K 1C as the adjunction morphism of (s, c). We claim that λ is
an isomorphism of Fun(C, C)[W−1]. On the one hand, the trivial functor π : ∆◦ → [0]
is homotopy right cofinal because (π/0) ≡ ∆◦ has an initial object. Then the induced
morphism hocolim(π) : hocolim∆◦π
∗ = sc 99K hocolim[0] is an isomorphism. On the
other hand, the adjunction morphism u : hocolim[0] 99K 1C of (hocolim[0], 1C) is an iso-
morphism as well. Finally, it holds that λ = u hocolim(π), so the claim is proved.
The compatibility between µ and λ follows from the Fubini property of hocolim (see
Proposition 2.18) together with the fact that d : ∆◦ → ∆◦ × ∆◦ composed with the
projections p1, p2 : ∆
◦ ×∆◦ → ∆◦ is the identity.
(S5): Note that −⊗∆[1] : C → ∆◦C is left adjoint to the evaluation at [1], ev1 : ∆◦C →
C, ev1X = X1. In addition, the adjunction morphism ev1(−) ⊗ ∆[1] → 1∆◦C is, in the
degree n, X1 ⊗ ∆[1] = ∐α:[n]→[1]X1 → Xn given by {X(α) : X1 → Xn}α. In case X is
constant equal to A, this morphism is then equal to A⊗ s0 : A⊗∆[1]→ A⊗∆[0].
Since both − ⊗ ∆[1] and ev1 preserve weak equivalences, it turns out that they still
give an adjoint pair after localizing by W. It follows from the fact that the composition
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of adjunctions is an adjunction that s(− ⊗ ∆[1]) : C[W−1] → C[W−1] is left adjoint to
ev1 c = 1C[W−1]. In particular s(−⊗∆[1]) is isomorphic to 1C[W−1], through the adjunction
map s(−⊗∆[1])→ 1C[W−1]. Given an object A of C, this adjunction map is the compo-
sition of the isomorphism λA of (S4) with s(A⊗ s0)s(A⊗∆[1])→ sc(A). Then s(A⊗ s0)
is a weak equivalence because it is an isomorphism of C[W−1]. But then s(A⊗ d0) is also
a weak equivalence because s0 d0 = 1∆[0]. 
We close the section with the study of the preservation of homotopy colimits by relative
functors.
Definition 4.18. Consider relative categories (C,W) and (D,W), and realizable homo-
topy colimits
hocolim
C
I : (C
I ,W)⇄ (C,W) : cI hocolim
D
I : (D
I ,W)⇄ (D,W) : cI
Given a relative functor F : (C,W)→ (D,W) we have a natural relative transformation
ρIF : hocolim
D
I F 99K F hocolim
C
I
of Fun(CI ,D)[W−1] induced by adjunction from
F (βCI ) : F 99K FcIhocolim
C
I = cIF hocolim
C
I
Here βCI : 1CI 99K cIhocolim
C
I is the adjunction morphism of (hocolim
C
I , cI).
We say that F commutes with I-homotopy colimits if ρIF is an isomorphism. Note that
this definition does not depend on the representatives chosen for hocolimCI and hocolim
D
I .
If F commutes with I-homotopy colimits for each small category I we simply say that
F commutes with homotopy colimits. In case F commutes with Ω-homotopy colimits for
each discrete category Ω, we say that F commutes with homotopy coproducts.
Corollary 4.19. Let F : (C,W)→ (D,W) be relative functor between relative categories
closed by coproducts and admitting realizable homotopy colimits which are invariant under
homotopy right cofinal changes of diagrams. Then F commutes with homotopy colimits
if and only if it commutes with ∆◦-homotopy colimits and with homotopy coproducts.
Proof. Consider a relative functor F : (C,W)→ (D,W) and a diagram X : I → C. Since
F commutes with homotopy coproducts then for each n ≥ 0 the canonical morphism
∐i0→···→inF (Xi0) −→ F (∐i0→···→inXi0)
is an isomorphism of D[W−1], and therefore an equivalence. It turns out that the
canonical morphism ̺ : ∐IF → F∐I is a pointwise weak equivalence. Under the as-
sumptions on (C,W) and (D,W), we know that hocolimC∆◦∐
I and hocolimD∆◦∐
I are
I-homotopy colimits. Then ρIF is an isomorphism since it is the composition of the weak
equivalence hocolimC∆◦(̺) : hocolim
C
∆◦ ∐
I F → hocolimC∆◦F∐
I with the isomorphism
ρ∆
◦
F
⋆∐I : hocolimC∆◦F∐
I 99K FhocolimC∆◦∐
I . 
Remark 4.20. Previous corollary together with Theorem 4.1 can be stated as an equiv-
alence of categories between the category formed by the simplicial descent categories and
the category formed by the relative categories closed by coproducts and possessing re-
alizable homotopy colimits invariant under homotopy right cofinal changes of diagrams.
For brevity’s sake, the details are left to the reader.
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5. Bousfield-Kan homotopy colimits are realizable.
In this section we study the Bousfield-Kan homotopy colimits, and prove the
Theorem 5.1. Let (M,W) be a model category. Then (M,W) admits realizable homo-
topy colimits, which are invariant under homotopy right cofinal changes of diagrams. In
addition, they may be computed using the corrected Bousfield-Kan formula
(13) chocolim
BK
I X =
∫ i
Q˜X(i)⊗ N(i/I)◦
By Proposition 2.17, the localization of a realizable homotopy colimit gives an absolute
left derived functor of the colimit. Then, it follows that the global and local notions of
homotopy colimit coincide for any model category.
Corollary 5.2. Let (M,W) be a model category. Given a small category I, the functor
hocolimBKI :M
I [W−1]→M[W−1] induced by the corrected Bousfield-Kan formula (13)
on localizations is the absolute left derived functor LcolimI of the colimit colimI :MI →
M.
The proof of previous theorem is based on Theorem 4.1, and will be finished at the
end of the section.
5.1. Reminder of Bousfield-Kan homotopy colimits.
To deal with Bousfield-Kan homotopy colimits in general model categories, we need
the machinery of frames and homotopy function complexes, which we now recall. Here
we use the notations and conventions of [H], where the reader is referred to for further
detail.
Definition 5.3. Let (M,W) be a model category. A cosimplicial frame on an object A
of M is a cosimplicial object A˜ : ∆→M plus a pointwise weak equivalence ǫ : A˜→ cA
such that ǫ0 : A˜0 → A is an isomorphism. If A is a cofibrant object of M then, in
addition, A˜ is assumed to be Reedy cofibrant in ∆M.
Any model category possesses a functorial cosimplicial frame ˜ : M → ∆M, which is
homotopically unique. Given a small category I, we also denote by ˜ : MI → ∆MI
the functor defined pointwise as X˜(i) = X˜(i), for each diagram X : I → M. A model
category equipped with a fixed (functorial) cosimplicial frame is called a framed model
category.
In combination with frames we will also use the action ⊗ : ∆M×∆◦Set→M given
by
(14) X ⊗K = colim∆K π
∗
KX
Here ∆K denotes the category of simplices of K and πK : ∆K → ∆ sends an n-simplex
of K to [n].
Definition 5.4. Let (M,W) be a framed model category, and denote byMc its subcat-
egory of cofibrant objects. The Bousfield-Kan homotopy colimit, hocolimBKI : ∆
◦Mc →
Mc, is defined on X : I →Mc as the coend of the bifunctor X˜ ⊗N(·/I)
◦ : I × Iop →M
given by (i, i′) 7→ X˜(i)⊗N(i′/I)◦. That is,
hocolim
BK
I X =
∫ i
X˜(i)⊗N(i/I)◦
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Bousfield-Kan homotopy colimits are natural on I. Indeed, a functor f : I ′ → I induces
a natural map
hocolimBK(f) : hocolimBKI′ f
∗X → hocolimBKI X
defined by the maps Id⊗ N(f)◦ : X˜(f(i′))⊗ N(j′/I ′)◦ → X˜(f(i′))⊗ N(f(j′)/I)◦. Recall
that, by [H, 19.6.7], hocolimBK(f) is a weak equivalence in case f is homotopy right
cofinal.
Example 5.5. The Bousfield-Kan homotopy limit of (fibrant) simplicial sets, holimBKI◦ :
(∆◦Sets)I
◦
→ ∆◦Sets, is a particular case of the dual construction. Namely, given
K : I◦ → (∆◦Sets)f then
holimBKI◦ X =
∫
i
K(i)× N(I/i)
A crucial point for the results given later is that holimBK∆ : ∆(∆
◦Set)f → (∆◦Sets)f
is a simple functor endowing ((∆◦Set)f ,W) with a cosimplicial descent structure. This
means that the dual of axioms (S1),· · · ,(S5) are satisfied for ((∆◦Set)f ,W, holimBK∆ ).
For a proof the reader may consult [R, Theorem 3.2].
Bousfield-Kan homotopy colimits have the correct homotopical behavior only on point-
wise cofibrant diagrams. For this reason, to define it on general diagrams, it is more
convenient to ‘correct’ it by composing it with a cofibrant replacement.
Definition 5.6. The corrected Bousfield-Kan homotopy colimit, chocolim
BK
I : ∆
◦M→
M, is defined as the composition of hocolimBKI with the functor Q
I :MI →MI induced
pointwise by a functorial cofibrant replacement Q :M→M. That is, chocolimBKI X =
hocolimBKI Q
IX .
To finish, we recall that for any model category there exists a homotopy function
complex map(·, ·) : M◦ ×M → ∆◦Sets, that allows to characterize weak equivalences
of M in terms of weak equivalences of simplicial sets. More precisely, it holds that
f : X → Y is a weak equivalence of M if and only if for each fibrant object A ofM the
induced morphism f ∗ : map(Y,A) → map(X,A) is a weak equivalence of simplicial sets
(see [H, 17.7.7]).
5.2. Bousfield-Kan homotopy colimit as a simple functor.
Proposition 5.7. Let (M,W) be a model category. Then (Mc,W) is a simplicial descent
category with simple functor s = hocolimBK∆◦ : ∆
◦Mc →Mc.
Proof. To begin with, we observe that (Mc,W) is a relative category closed by coprod-
ucts. The class W is known to be saturated inM, and therefore it is saturated inMc as
well. On the other hand, it is a basic property of model categories that cofibrant objects
and weak equivalences between them are closed by coproducts. By Proposition 4.9, it
suffices to see that axioms (S1),(S2), (S3)’, (S4) and (S5) are satisfied for (Mc,W) and
s = hocolimBK∆◦ .
(S1) Let X ,Y : ∆◦ → Mc be pointwise cofibrant simplicial objects. If we endow
M×M with the product model structure, then the coproduct and the codiagonal form
a Quillen pair
∐
: M ×M ⇆ M : δ. By [H, 19.4.5] hocolimBK∆◦ commutes with
the left adjoint of a Quillen pair up to essentially unique zigzag, which is a zigzag of
weak equivalences on pointwise cofibrant objects. Therefore, the canonical morphism
hocolimBK∆◦ X
∐
hocolimBK∆◦ Y → hocolim
BK
∆◦ (X
∐
Y ) is a weak equivalence.
(S2) The Bousfield-Kan homotopy colimit is homotopy invariant on pointwise cofibrant
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diagrams by [H, 19.4.2].
(S4) The trivial functor π : ∆◦ → [0] is homotopy right cofinal, then for each cofi-
brant object B of M we have the induced natural weak equivalence hocolimBK∆◦ c(B) →
hocolimBK[0] B. But by definition hocolim
BK
[0] B is naturally isomorphic to B. In this way
we obtain the natural weak equivalence λ : hocolimBK∆◦ c→ 1Mc .
For the proof of the remaining axioms, we will strongly use the so called ‘adjunction
property’ of hocolimBKI ([H, 19.4.4]). It states that given X : I → Mc and a fibrant
object A of M, there is a natural zigzag of weak equivalences between fibrant simplicial
sets
map(hocolimBKI X,A) 99K holim
BK
I◦ map(X,A)
(S3)’ Let F : Z1 → Z2 be a morphism of ∆◦∆◦Mc, and let us see that ss(F ) =
s(n → s(m → Fn,m)) is a weak equivalence if and only if sD(F ) is. This follows from
the adjunction property. Indeed, given a fibrant object A of M, we have for i = 1, 2 a
natural zigzag of weak equivalences of fibrant simplicial sets
map(hocolimBK∆◦×∆◦Z
i, A) ≃ holimBK∆×∆map(Z
i, A) ≃ holimBK∆ holim
BK
∆ map(Z
i, A)
where the last isomorphism is the Fubini property of the homotopy limit of simpli-
cial sets (see, for instance, [T]). Again, there is a natural zigzag of weak equivalences
holimBK∆ map(Z
i, A) ≃ map(hocolimBK∆◦ Zi, A) of fibrant simplicial sets. It follows from
the homotopy invariance of holimBK∆ on pointwise fibrant diagrams that
holimBK∆ holim
BK
∆ map(Z
i, A) ≃ holimBK∆ map(hocolim
BK
∆◦ Z
i, A) ≃
≃ map(hocolimBK∆◦ hocolim
BK
∆◦ Z
i, A)
On the other hand, holimBK∆ is a simple functor on ((∆
◦Set)f ,W). In particular,
for each K : ∆ × ∆ → (∆◦Sets)f there is a natural isomorphism holimBK∆ DK →
holimBK∆ holim
BK
∆ K in (∆
◦Set)f [W
−1]. We deduce that
map(hocolimBK∆◦ hocolim
BK
∆◦ Z
i, A) ≃ holimBK∆ holim
BK
∆ map(Z
i, A) ≃
≃ holimBK∆ Dmap(Z
i, A)
By definition map(Z i, A) : ∆×∆→ ∆◦(Sets)f is defined pointwise, which means that it
is in bidegree (n,m) equal to map(Z i, A)n,m = map(Z
i
n,m, A). Therefore Dmap(Z
i, A) =
map(DZ i, A), and
map(hocolimBK∆◦ hocolim
BK
∆◦ Z
i, A) ≃ holimBK∆ map(DZ
i, A) ≃ map(hocolimBK∆◦ DZ
i, A)
We conclude that hocolimBK∆◦ hocolim
BK
∆◦ (F ) induces a weak equivalence on homotopy
function complexes if and only if hocolimBK∆◦ D(F ) does. Then hocolim
BK
∆◦ hocolim
BK
∆◦ (F )
is a weak equivalence if and only if hocolimBK∆◦ D(F ) is.
(S5) To avoid confusion with action (14), we denote here the simplicial action Mc ×
∆◦Set → ∆◦Mc of (1) by ⊠. So, for a cofibrant object B of M and a simplicial set K,
B ⊠K is now the simplicial object with (B ⊠K)n = ∐KnB.
On the other hand, given simplicial setsK and L, denote byKL the cosimplicial simplicial
set given in cosimplicial degree n by (KL)n =
∏
Ln
K. This defines a functor (−)L :
(∆◦Set)◦ → ∆(∆◦Set). Since holimBK∆ : ∆(∆
◦Set)f → (∆◦Sets)f is a simple functor,
the dual of (S5) means that the image under holimBK∆ of d
K
0 : K
∆[1] → K∆[0] is a weak
equivalence for each fibrant simplicial set K.
Consider now a cofibrant object B ofM. We must check that hocolimBK∆◦ of the simplicial
morphism dB0 : B ⊠ ∆[0] = cB → B ⊠ ∆[1] is a weak equivalence. We prove this using
the adjunction property. We must see that hocolimBK∆◦ (d
0
B) induces a weak equivalence
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on homotopy function complexes. But, given a fibrant object A of M and a simplicial
set L,
map(hocolimBK∆◦ (B ⊠ L), A) ≃ holim
BK
∆ map(B ⊠ L,A)
By definition map(B ⊠ L,A) ≃ map(B,A)L : ∆ → (∆◦Set)f . Indeed, in degree n we
have
map(B⊠L,A)n = map((B⊠L)n, A) = map(
∐
Ln
B,A) ≃
∏
Ln
map(B,A) = (map(B,A)L)n
Hence map(hocolimBK∆◦ (B⊠L), A) ≃ holim
BK
∆ (map(B,A)
L). Finally, hocolimBK∆◦ (d
0
B) ∈
W because map(hocolimBK∆◦ (d
0
B), A) ≃ holim
BK
∆ (d
0map(B,A)) is a weak equivalence of
simplicial sets. 
Proposition 5.8. Let (M,W) be a model category. Then (Mc,W) admits realizable
homotopy colimits, which are invariant under homotopy right cofinal changes of diagrams.
In addition, they may be computed using the Bousfield-Kan formula
hocolimBKI X =
∫ i
X˜(i)⊗N(i/I)◦
Proof. We have that (Mc,W) is a simplicial descent category with simple functor s =
hocolimBK∆◦ : ∆
◦Mc →Mc by Proposition 5.7. To prove this result is more convenient to
consider the ‘opposite’ simple functor of s. More precisely, denote by Υ : ∆◦Mc → ∆◦Mc
the functor that reverses the order of the face and degeneracy maps of a simplicial object.
Since Υ : (∆◦Mc,W)→ (∆◦Mc,W) is a relative functor and Υ2 = 1∆◦Mc , then it is an
equivalence of relative categories. We deduce that s′ = hocolimBK∆◦ Υ is also a relative left
adjoint to Υ c = c :Mc → ∆◦Mc. Therefore s′ ≃ hocolimBK∆◦ in Fun(∆
◦Mc,Mc)[W−1],
so s′ is another simple functor for (Mc,W).
Since (Mc,W) is closed by coproducts, it follows from Theorem 4.1 that it admits re-
alizable homotopy colimits, which are invariant under homotopy right cofinal changes of
diagrams. In addition, given a small category I then s′∐I : MIc → Mc is a realizable
homotopy colimit on (Mc,W). Hence, to prove the proposition it suffices to see that
there is a natural weak equivalence s′∐I → hocolimBKI .
Denote by ∐′
I
: MIc → ∆
◦Mc the functor mapping X : I → Mc to Υ ∐I X . Note
that ∐′
I
X agrees with the simplicial object given in degree n by ∐α:[n]→I◦Xα(n). It easy
to check that ∐′
I
carries a pointwise cofibrant I-diagram to a Reedy cofibrant simpli-
cial diagram. Indeed, the n-latching object Ln(∐IX) agrees with ∐α∈dNn(I◦)Xα(n), where
dNn(I
◦) denotes the degenerate n-simplices of N(I◦). Hence the n-latching map
∐α∈dNn(I◦)Xα(n) −→ ∐α∈Nn(I◦)Xα(n)
is a cofibration because each Xα(n) is cofibrant. By the same argument, our chosen
functorial cosimplicial frame ˜ : Mc → ∆Mc induces a functorial Reedy cosimplicial
frame on each simplicial object of the form ∐′IX . Indeed, by definition the induced
pointwise cosimplicial frame on diagrams ˜ : MIc → ∆MIc is such that X˜(i) := X˜(i)
is a Reedy cofibrant object of ∆M for each i ∈ I. Since the coproduct of cosimplicial
frames is again a cosimplicial frame, ∐′IX˜ is a cosimplicial frame on ∐′IX . To see that
it is indeed a Reedy cosimplicial frame, we must see that ∐′IX˜ is Reedy cofibrant (with
respect to the simplicial index). But again, its n-th latching map is
Ln(∐
IX˜) ≃ ∐α∈dNn(I◦)X˜(α(n)) −→ ∐α∈Nn(I◦)X˜(α(n))
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which is a Reedy cofibration because each X˜(α(n)) is by hypothesis Reedy cofibrant in
∆M. Then the Bousfield-Kan natural transformation hocolimBK∆◦ ∐
′I · → |∐′
I
· | is a
pointwise weak equivalence by [H, 19.8.1]. Recall that
|∐′
I
X| =
∫ n
(∐′
I
X˜)n ⊗∆[n] =
∫ n
(∐′
I
X˜n)n =
∫ n ∐
α∈Nn(I◦)
X˜n(α(n))
As in the proof of previous proposition ⊠ denotes the simplicial action (1), so ⊠ : ∆◦Mc×
∆◦Set → ∆◦Mc maps (B,K) to the simplicial object B ⊠ K given in degree n by
(B ⊠K)n =
∐
Kn
Bn. For fixed n,m ≥ 0, it holds that∐
α∈Nn(I◦)
X˜m(α(n)) =
∫ i
X˜m(i)⊠Nn(i/I)
◦
Therefore, using the Fubini interchange index Theorem for coends we deduce
|∐′
I
X| ≃
∫ n ∫ i
X˜n(i)⊠ Nn(i/I)
◦ ≃
∫ i ∫ n
X˜n(i)⊠Nn(i/I)
◦
But, fixed i, j ∈ J , it is straightforward to check that there is a natural isomorphism∫ n
X˜n(i)⊠Nn(j/I)
◦ ≃ colim∆(j/I)◦ π
∗
(j/I)◦X˜(i) = X˜(i)⊗ N(j/I)
◦
Hence, putting all together we conclude that |∐′
I
X| ≃
∫ i
X˜(i)⊗N(i/I)◦ = hocolimBKI X .

Proof of Theorem 5.1. Denote by i : Mc → M the inclusion. By definition, the
image of Q is contained in Mc, so we may consider Q′ : M →Mc such that i Q′ = Q.
Since Q is a cofibrant replacement functor there is a natural weak equivalence ǫ : Q→ 1M.
It gives natural weak equivalences Q′ i→ 1Mc and i Q
′ → 1M. Therefore
i : (Mc,W)⇄ (M,W) : Q
′
is a relative adjoint equivalence. In particular (i, Q′) and (Q′, i) are relative adjoint pairs
of functors. Given a small category I, by Proposition 2.11 the pointwise adjoint pair
induced by (Q′, i) is also a relative adjunction Q′ : (MI ,W) ⇄ (MIc ,W) : i. Therefore
we have the relative adjoint pairs
(MI ,W)
Q′ // (MIc ,W)
i
oo
hocolimBKI // (Mc,W)
cI
oo
i // (M,W)
Q′
oo
where the relative adjunction in the middle follows from previous proposition. Then
the corrected Bousfield Kan formula, which agrees with i hocolimBKI Q
′, is a relative
left adjoint to i cI Q
′ = cI i Q
′. Since i Q′ is isomorphic in RelCat to the identity, then
i hocolimBKI Q
′ is a relative left adjoint to cI which means that it is a realizable homotopy
colimit. Since hocolimBKI is invariant under homotopy right cofinal changes of diagrams,
the same holds for i hocolimBKI Q
′. 
Remark 5.9. If hocolim∆◦ : ∆
◦M→M is any realizable homotopy colimit on a model
category (M,W), for instance hocolim∆◦ = chocolim
BK
∆◦ , then another formula for the
realizable homotopy colimit hocolimI :MI →M is
hocolimIX = hocolim∆◦ ∐
I (QX)
Indeed, as we have seen in previous proof, hocolimMI is given by hocolim
Mc
I Q, which
agrees with hocolimMc∆◦ ∐
I Q by Theorem 4.1. Since there is a natural weak equivalence
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Q → 1, we deduce that hocolimMc∆◦ Q ∐
I Q = hocolimM∆◦ ∐
I Q is another realizable
homotopy colimit on (M,W) as claimed.
6. Realizable homotopy colimits and Grothendieck derivators.
Here we study the connection of realizable homotopy colimits with Grothendieck deriva-
tors. For a concise exposition of Grothendieck derivator theory, the reader is referred to
[Gr]. Recall that a prederivator is a strict 2-functor D : cat◦ → Cat, and that a a weak
right derivator is a prederivator D satisfying the following four axioms:
Der 1. Given I, J in cat then the functor (i∗, j∗) : D(I ∐ J) → D(I) × D(J) induced
by the canonical inclusions i : I → I ∐ J , j : J → I ∐ J is an equivalence of
categories.
Der 2. Given I in cat and i ∈ I, denote also by i : [0] → I the functor 0 7→ i. Then, a
morphism F of D(I) such that i∗F is an isomorphism of D([0]) for each i ∈ I is
an isomorphism of D(I).
Der 3d. If f : I → J is a functor in cat, then f ∗ : D(J) → D(I) admits a left adjoint
f! : D(I)→ D(J).
Der 4d. Given f : I → J and j ∈ J , consider the diagram
(f/j)
uj //
pi

α
⇐
I
f

[0]
j
// J
where ατ :f(i)→j : fuj(τ) → jπ(τ) is τ : f(i) → j. It gives rise by adjunction to
the morphism π!u
∗
j → j
∗f! of D([0]), which is assumed to be an isomorphism.
If D′ : cat◦ → Cat is another weak right derivator, a morphism of weak right derivators
D→ D′ is called right exact if it preserves homotopy left Kan extensions.
To avoid set-theoretical problems we assume that for a given relative category (C,W),
Cat contains the localized diagram categories CI [W−1]. We deduce from previous results
the
Theorem 6.1. Assume that (C,W) is a relative category closed by coproducts that admits
realizable homotopy colimits, which are invariant under homotopy right cofinal changes
of diagrams. Then D : cat◦ → Cat, I 7→ CI [W−1] is a weak right derivator.
Proof. Der 1 is clear from the definition of D. To see Der 2, consider a morphism F of
D(I) = CI [W−1]. By Lemma 6.2, F = τF ′τ ′, where F ′ is a morphism of CI and τ , τ ′
are isomorphisms of CI [W−1]. If for each i ∈ I it holds that i∗F = Fi = τiF ′iτ ′i is an
isomorphism, then F ′i is an isomorphism as well. Since W is saturated then F
′
i ∈ W for
each i. This means that F ′ is a weak equivalence of CI , then an isomorphism of CI [W−1].
Then F = τF ′τ ′ is also an isomorphism of CI [W−1]. To see Der 3, consider a functor
f : I → J between small categories. By Theorem 4.16 ii we have that f! : (CJ ,W) →
(CI ,W) is a relative left adjoint to f ∗ : (CI ,W)→ (CJ ,W). By Lemma 2.10 the induced
functor f! : CI [W−1] → CJ [W−1] is left adjoint to f ∗ : CJ [W−1] → CI [W−1] as required.
In addition, f! is defined pointwise by the formula (12), so Der 4 holds as well. 
Lemma 6.2. Let (C,W) be a simplicial descent category. If I is a small category and F
is a morphism of CI [W−1], there exist isomorphisms τ and τ ′ of CI [W−1] and a morphism
F ′ of CI such that F = τF ′τ ′.
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Proof. Given a small category I, Proposition 4.5 implies that (CI ,W) is again a simplicial
descent category. Therefore we may assume that I = [0], and we have to prove the
statement for a morphism F of C[W−1]. Consider a simple functor s : ∆◦C → C on
(C,W). By Propositions 4.6 ii and 3.4, the relative category (∆◦C,S = s−1W) is a Brown
category of cofibrant objects. In this case we know that each morphism T of ∆◦C[S−1] is
represented by a length-two zigzag (see [Br, Theorem 1]). That is, T = w−1T ′ where T ′
and w are morphisms of ∆◦C and w ∈ S.
Consider now a morphism F : A 99K B of C[W−1]. Then the constant simplicial morphism
c(F ) in ∆◦C[S−1] is c(F ) = w−1T ′ with T ′ and w as before. Then sc(F ) = (s(w))−1s(T ′).
By (S4) there is an isomorphism λ : sc 99K 1C of Fun(C, C)[W−1]. It follows that
λB sc(F ) = F λA in C[W−1]. Then F = λB(s(w))−1s(T ′)λ
−1
A and the statement holds for
τ = λB(s(w))
−1, F ′ = s(T ′) and τ ′ = λ−1A . 
Remark 6.3. One can consider the notion of ‘realizable’ right Grothendieck derivator,
consisting of a strict 2-functor D : cat◦ → RelCat (instead of cat◦ → Cat) satisfying
the corresponding axioms Der 1’,· · · , Der 4’. In this context previous theorem would
mean that, in the exact coproducts case, the existence of realizable homotopy colimits
on (C,W), which are invariant under homotopy right cofinal changes of diagrams, guar-
antees that D(I) = (CI ,W) is a realizable right Grothendieck derivator. This variant of
Grothendieck’s derivator theory will be developed in an independent work (in prepara-
tion), in which we give a 2-categorical reformulation of the Dwyer-Hirschhorn-Kan-Smith
treatment of homotopy colimits ([DHKS]).
Remark 6.4. To possess realizable homotopy colimits allows one to define cofiber se-
quences on C[W−1] in a natural way, in case C is a pointed category. Indeed, we can
consider the cone functor Cone(f) : F l(C)→ C defined as
Cone(f) = hocolim{∗ ← X
f
→ Y }
and the suspension Σ : C → C defined as ΣX = Cone(X → ∗). Under the hypothesis
of previous theorem, it can be proved that the cofiber sequences produced through these
cone and suspension functors endow C[W−1] with a left triangulated structure, and that
C[W−1] is a Verdier triangulated category in case Σ : C[W−1]→ C[W−1] is an equivalence
of categories.
We deduce the well-known fact that a model category produces a Grothendieck derivator
(c.f. [C]).
Corollary 6.5. Let (M,W) be a model category. Then the prederivator D : cat◦ → Cat
defined as D(I) =MI [W−1] is a Grothendieck derivator.
Proof. We have that (Mc,W) is a relative category closed by coproducts and a simplicial
descent category by Proposition 5.8. Then by Theorem 6.1 the prederivator associated
with (Mc,W) is a weak right derivator. A cofibrant replacement functor Q :M→Mc
gives a natural equivalence of categories MI [W−1] ≃ MIc [W
−1], and then an isomor-
phism of prederivators. Hence, the prederivator associated with (M,W) is also a weak
right derivator. But it is also a weak left derivator by the dual fact, therefore it is a
Grothendieck derivator. 
In the context of colimits, it holds that a functor commuting with coproducts and co-
equalizers commutes with all homotopy colimits and left Kan extensions. A homotopical
version of this fact is the following
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Proposition 6.6. Let F : (C,W) → (D,W) be a relative functor between relative cate-
gories closed by coproducts and admitting realizable homotopy colimits which are invariant
under homotopy right cofinal changes of diagrams. If F commutes with ∆◦-homotopy col-
imits and with homotopy coproducts, then the induced morphism F : CI [W−1]→ DI [W−1]
is a right exact morphism of weak right derivators.
Proof. By [C, Proposition 2.6] it suffices to see that F preserves homotopy colimits, which
holds by corollary 4.19. 
We now particularize previous result to the setting of model categories. If (M,W)
and (N ,W) are model categories and F :M→N preserves weak equivalences between
cofibrant objects, recall that the left derived functor of F , LF : M[W−1] → N [W−1],
exists and is given by the composition of F with a functorial cofibrant replacement Q :
M→M. Then LF is the localization of the relative functor FQ : (M,W) → (N ,W),
that we also denote by LF .
Corollary 6.7. Let (M,W) and (N ,W) be model categories, and F : M → N be a
functor that preserves weak equivalences between cofibrant objects. If LF commutes with
∆◦-homotopy colimits and with homotopy coproducts, then LF commutes with all homo-
topy colimits. In other words, LF I :MI [W−1]→ N I [W−1] is a right exact morphism of
derivators.
Proof. First of all, we observe that realizable homotopy coproducts on a model category
are the composition of the usual coproduct with a cosimplicial replacement. Given a
discrete category Λ, arguing as in the proof of Theorem 5.1 we deduce that hocolimMΛ =
hocolim
Mc
Λ Q. Since on (Mc,W) the homotopy coproducts are the coproducts, then
hocolimMΛ = ∐ΛQ as stated. In addition, the adjunction relative natural transformations
for (∐ΛQ, cΛ) are obtained combining those of (∐Λ, cΛ) on Mc with the natural weak
equivalence ǫ : Q → 1M. It follows that the canonical relative natural transformation
(∐ΛQ)(FQ) 99K (FQ)(∐ΛQ) is a length-two zigzag
(∐ΛQ)(FQ)
∼
←− T −→ (FQ)(∐ΛQ)
If LF = FQ commutes with homotopy coproducts, the above zigzag is an isomorphism
of RelCat, which means that T → (FQ)(∐ΛQ) is a pointwise weak equivalence as well.
Given a small category I, we have the induced zigzag of pointwise weak equivalences
θ : (∐IQ)(FQ)
∼
←− ∐IT
∼
−→ (FQ)(∐IQ)
As we saw in Remark 5.9, realizable homotopy colimits on M and N are given by
the formula hocolim∆◦ ∐
I Q. To finish, the canonical relative natural transformation
hocolimNI FQ 99K FQ hocolim
M
I factors as
hocolim∆◦ ∐
I QFQ
hocolim∆◦θ //❴❴❴❴❴ hocolim∆◦FQ∐
I Q //❴❴❴❴❴ FQ hocolim∆◦ ∐
I Q
and hence it is an isomorphism of RelCat. 
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